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If the Scatman can do it, so can you.

— Scatman John

Abstract

Intermediate Jacobians of complex projective varieties are complex tori with a po-
larization defined in terms of Hodge theory. We investigate their relation to algebraic
cycles through Griffiths” generalized Abel-Jacobi map.

We focus on smooth cubic threefolds, studying their cohomology, their geometry
of lines, and the associated Fano surface. The cubic is naturally realized as a conic
bundle, which can be used to describe the intermediate Jacobian as a Prym variety of
an étale double cover of curves.

Finally, we apply the results obtained to study the theta divisor, which has a unique
singularity with tangent cone isomorphic to the cubic threefold itself. This allows us to
deduce several important theorems, most notably that a smooth cubic threefold is not
rational, a Torelli theorem for cubic threefolds, and a description of the theta divisor

in terms of the Albanese embedding of the Fano surface of lines.
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Notation and conventions

Our primary references are [Har77] for general algebraic geometry, [EH16] for intersec-
tion theory, [Huy05] and [Voi09] for complex geometry, and [BL04] for complex Abelian
varieties.

Varieties are integral, separated schemes of finite type over C. Zariski-closed subsets
of a scheme are interpreted as reduced subschemes. Unless stated otherwise, algebraic
varieties are interpreted geometrically, meaning as sets of closed points. Singular complex
projective varieties are considered as complex analytic spaces. Fiber bundles are consid-

ered in their geometric realization as spaces of closed points lying over the base.

Rz, Sz Real and imaginary parts.

S*V = @0 skv Symmetric algebra of a vector space.

PV, PV Projectivized space of lines in a vector space/vector bundle.
Ox(d) Twisted sheaf of a projective variety.

Sx = Ox(—1) := Spnl|x Tautological line bundle of a projective variety X C P".
Hi(X,2Z), H (X, Z) Singular (co)homology with integral coefficients.

Hf(X,R), HY(X,C) Singular/de Rham cohomology with field coefficients.

[Y] € H*%(X,Z) Fundamental cohomology class of a compact k-dimensional sub-

manifold Y C X.

h*(X) := dim H*(X, Q) Betti numbers.

e(X) Topological Euler-Poincaré characteristic.

Ak A;’q Sheaves of smooth, complex-valued, differential k-forms and
(p,q)-forms on X.

Qf, [9)¢ Sheaves of holomorphic and anti-holomorphic p-forms.

HP(X) == H1(X,QF) Dolbeault cohomology.

h?4(X) := dim H"(X) Hodge numbers.

Zi(X) Group of algebraic k-cycles on an algebraic variety.

CHy(X) Chow group of cycles modulo rational equivalence.

CHi (X ) atgs CHk(X) hom Algebraically and homologically trivial Chow groups.



Introduction

A central theme of algebraic geometry is the classification of varieties up to birational
equivalence, and in particular the identification of those varieties birational to projective
space, called rational. More generally, a variety is called unirational if it admits a dominant
rational map from a projective space. While these notions coincide for curves and surfaces,

the former is strictly stronger than the latter in higher dimensions, as we are going to see.

The question of which unirational varieties are actually rational became known as the
Liiroth problem, following a proof by J. Liiroth in 1875 [Lii75] that a rational parametrization
IP' -5 C of a curve can be reparametrized to a birational map P! -=» C. An analogous
result for algebraic surfaces was later established by Castelnuovo with his criterion of

rationality.

Many examples of unirational but non-rational varieties have since been found, most
notably a series of breakthroughs all appeared around 1971-1972; we recommend [BHVK15]
for a comprehensive survey. One of them is the landmark paper by Clemens and Griffiths
[CG72], where they show that a smooth cubic threefold in complex projective space is not
rational. The goal of this thesis is to present their main results, and to develop some of the

technical tools required that are still important today.

We now give an overview of the content covered. Let X C P* be a smooth cubic
threefold. Its rich geometry of lines will allow us to prove that X is unirational, rationally
connected, and its blow-up Bl X along a line L C X is a bundle of plane conics over
IP2. The key invariant used by Clemens and Griffiths is the intermediate Jacobian J° X,
an Abelian variety whose factors not isomorphic to Jacobians of curves turn out to be a

birational invariant. After constructing the smooth surface FX that parametrizes lines in
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X, and studying its relation to the conic bundle Bl; X — P2, we will obtain [CG72, §11]:
Theorem 2.35 (Clemens-Griffiths) The intermediate Jacobian J* X is isomorphic as an Abelian
variety to the Picard variety Pic’ FX.

Clemens and Griffiths then prove the irrationality of X and the Torelli theorem for
cubic threefolds by using degeneration arguments [CG72, §13]. We will instead take the
alternative route outlined in [CG72, §C], attributed to Mumford. Choosing a generic line
L C X, the discriminant of the conic bundle Bl; X — IP? induces an étale double cover of
smooth curves C; — Dy C IP2. This will allow us to reformulate Theorem 2.35 in terms of
the so-called Prym variety P(Cr/Dy), an Abelian subvariety of J Cy.

Theorem 4.5 (Mumford) The intermediate Jacobian J> X is isomorphic as an Abelian variety to
the Prym variety P(Cr/Dr).

After developing Mumford’s theory of Prym varieties [Mum?74], the geometry of the
theta divisor of P(Cy /Dy ) will become accessible in terms of curve theory of C and Dj.
Theorem 4.6 The theta divisor Z of P(Cr./Dy) has O¢, as unique singular point.

The main theorem of [CG72, §13] now follows.

Corollary 4.7 (Clemens-Griffiths) The intermediate Jacobian J°> X is not isomorphic as an Abelian
variety to a product of Jacobians of curves. In particular, X cannot be rational.

The Pliicker embedding FX — IPY had been studied already in 1904 by G. Fano [Fan04].
Applying his classical results and following [Tyu70], we will prove the tangent bundle
theorem. There are two other proofs of this theorem in [CG72, §12] that use the theory of
residues and the Gauss mapping of FX respectively.

Theorem 4.11 (Clemens-Griffiths, Tyurin) There is an isomorphism between the tangent bundle
and the tautological bundle Sgx of the Pliicker embedding: Tex = Skx.

The isomorphism of these rank 5 vector bundles will be related to the embedding
X C IP* through the projectivized differential of the Albanese map FX < AlbFX. This
will imply
Theorem 4.14 The unique singular point of E has projectivized tangent cone isomorphic to the
cubic threefold X.

An immediate consequence is the Torelli theorem for cubic threefolds [CG72, §13].
Theorem 4.15 (Clemens-Griffiths) Two smooth cubic threefolds X, X' C P* are isomorphic if
and only if their intermediate Jacobians (J° X, Hx) and (J° X', Hx:) are isomorphic as Abelian

varieties.



Chapter 1

Basic Background

The group of algebraic cycles modulo rational equivalence is an important invariant of
an algebraic variety. In the case of divisors of a projective variety over an algebraically
closed field, there is a moduli interpretation in terms of line bundles which is usually well-
understood. However, cycles of higher codimension often form a group of inaccessible
complexity. When the ground field is C, one can make topological considerations. In
particular, topological cohomology theories come into play, with a coarser relation for the
intersection theory of algebraic cycles: homological equivalence.

Let X be a complex projective variety, and consider the subgroups of algebraic cycles

equivalent to 0 with respect to rational, algebraic, and homological equivalence:

Z(X)rat C  Zi(X) C Zi(X)hom C Z(X).

alg

Quotienting by Zj(X)rat, we obtain the Chow subgroups of algebraically and homologi-

cally trivial cycles modulo rational equivalence:
CHi(X)alg © CHp(X)hom € CHy(X).

The differences between these groups can be subtle, and understanding them sheds light
on the algebraic and topological structure.

Recall the Abel-Jacobi map, which gives an isomorphism from divisors to line bundles
D% : CHy—1(X)alg = CHy—1(X)nom — Pic’ X 2 H'(X, 0x)/ H' (X, Z),

where we look at the Picard group as a complex torus through the isomorphism aris-
ing from the exponential sequence Z — Ox — O%. Using Hodge theory, one obtains
H'(X,0x)/H'(X,Z) =2 H(X,0x)/H (X, Z) = """ 1 X.



1.1. Intermediate Jacobians

The Hodge decomposition gives a powerful tool for reducing the study of the complex
structure to the linear algebra of cohomology groups. Classical examples are the Albanese
and Picard varieties, which encode divisors and line bundles up to rational equivalence

into the points of complex tori. We present here the generalizations J**1

X given by
Griffiths [Gri70, A] of these complex tori in all odd cohomological degrees, which are
well-defined in the broader category of compact Kdhler manifolds. On the other hand, the
Chow groups CHy(X),s defined purely in terms of the algebraic structure of X will be
related to J**1 X through the generalized Abel-Jacobi map ®%.. For a robust treatment we

refer to [Voi09].

1.1 Intermediate Jacobians

Let X be a complex projective manifold of dimension n. There is the Hodge decomposition

Hf(X,C) — @ HP(X). (1.1)
p+q=k
Fix 0 < k < n —1 for the rest of this section, the top group CH,,(X)nom being trivial.
To each homologically trivial algebraic k-cycle [Z] € CHy(X)nhom, and choosing a singular

chain W € Cgil?ﬂ (X, Z) with oW = Z, we can associate the functional

2k+1
] € P HPHFP(X) / a€C, (1.2)
p=k+1 w
which is well defined because every B € A%¥(X) with df € @,>141 AT (X)) satisties
fwdB = [, B =0Dby Stokes’ theorem. !
Thus, if we quotient by the group of all functionals induced by singular cycles through

the composition

W>—>fwo

H2k+1(X,£)* L ®2k+l Hp,Zk-i—l—p(x)*’ (1.3)

Hy1(X, Z) p—k+1

we obtain Griffiths” generalized Abel-Jacobi map [Gri70, A]:

@, WA ()
Y H2k+1 (X/ Z)

1A general form B whose differential has terms of type (p,q) with p < g does not necessarily satisfy
= 0. This is the reason why the functional is well defined only on the left half of the Hodge diamond.
z y y 8

cD];( : CHk(X)hom —
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The codomain of <I>’§( is called the intermediate Jacobian of X.

The intermediate Jacobian can be an interesting object to study for more general com-
pact Kadhler manifolds, to which the above definition and all the arguments until the end of
this section continue to apply. The Poincaré dual maps to (1.3) are precisely the inclusion

of coefficients and the projection to the right half of the Hodge diamond, also denoted p:

n—k—1
H?2%1(X,Z) —— B 2(X,C) — ' @ HPR(X). (L4
p=0

Except for the annihilation of torsion, the compositions in (1.3) and (1.4) are injective
because integral classes are invariant under conjugation, making the image a complete

lattice of the underlying real vector space.

Definition 1.1 The complex tori

®2k+1 Hp,2k+1*p(X)* I @k:() Hp,2k+lfp(X)

p=k+1 2k+1 v .
and ] X: o HE1(X, Z)

2k+1
X =
J oy (X, Z)

are called the intermediate Jacobian of X and its dual. 2
Remark 1.2 The lattice of @?‘:ﬁrl HP 1P (X)* equals to

oHy1(X,Z) = {L|Va € H*(X,Z) : 2RL(p&) € Z}.

—

This means that J*! X is the dual complex torus of J**! X in the sense of Definition A.5.

An isomorphism between an intermediate Jacobian and its dual is tied to the choice of
a polarization, which we will discuss in the next section. This should not be confused with
the fact that, by the discussion above, there is a natural isomorphism induced by Poincaré

duality

—

]2k+1 X & ]2)1*27(71 X,

which will only interest us in the case 2k +1 = 2n — 2k — 1, when it is precisely the

isomorphism induced by the cup product polarization.

2 A possible source of confusion is that what we defined as the dual Jacobian is often simply called Jacobian,
because it is easier to define using only cohomology. In the cases of interest, the intermediate Jacobians and
their duals will turn out to be isomorphic and thus identified. See Example 1.6.



1.2. Polarizations of intermediate Jacobians

Remark 1.3 A holomorphic map of compact Kéhler manifolds f : X — Y induces a pull-
back on cohomology which is compatible with the Hodge decomposition, and thus homo-

morphisms of intermediate Jacobians

f* — (f*)* . ]Zk-‘rl X — ]2k+l Y, f* . ]m N ]@
In other words, we have covariant and contravariant functors from compact Kdhler man-
ifolds to complex tori. If X,Y are projective, the pushforward by a proper morphism or
the pullback by a flat morphism (of relative dimension 0) on the level of Chow groups

commute with their counterparts on the level of intermediate Jacobians by the Abel-Jacobi

map:
f+ f*
CHk(X)hom — CHk(Y)hom CHk(X)hom A — CHk(Y)hom
o [t o [t
]Zk-‘rl X f ]Zk-‘rl Y ]Zk-‘rl X f ]Zk-‘rl Y

Similarly to the classical case of divisors, there is a relative Abel-Jacobi map of 0 cycles.

Definition 1.4 The Abel-Jacobi map of X with respect to the starting point xo € X is defined to be

0 X — [x—xp] @Y : N
Py 1 X > CHo(X)aig € CHo(X)hom ——— J' X, x </ ‘> :
X

1.2 Polarizations of intermediate Jacobians

Continue to consider a compact Kidhler manifold X. In middle degree H" (X, C) we have
the usual Hermitian form
Hy (w,ﬁ)+—>2i/w/\3. (1.5)
X
If n is odd, its imaginary part corresponds to the cup product pairing in integral cohomol-

ogy H"(X, Z) through the de Rham isomorphism and the projection p:

/X(xvﬁ:zéﬁ/xpmﬁz SHx(ow,0p),

where we use integration notation for both singular chains and differential forms while
evaluating against the fundamental class. This means that SHx restricts to an integer-
valued, unimodular alternating form on p H" (X, Z).

More generally for 2k +1 < n, with the choice of a Kahler form w € HZ(X, C), the

Hodge-Riemann pairing gives on HZ*1(X,C) a Hermitian form

HEHL L (g, B) s 2i /X A AB AW (1.6)
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which is non-degenerate when restricted to either half of the Hodge diamond. If w is
integral, ° the imaginary part SHZ*! will be integer-valued on p H**1(X,Z) * and the

Hermitian form ’Hg(k“ will induce an isogeny of complex tori Py by the correspondence

(A.1):
— Poincaré Dualit
]-2k+1 % < y ]2n72k71 X
o
1 o (1.7)
lHZkJrl (. *) ¢
2i 'tx Poincaré Duality m—2k—1
Pt x ¢ X,

The dualizing map Pyt is an isomorphism if and only if %Hg‘(k“ is unimodular. Sum-

—

marizing, if the chosen Kahler form is integral, the pair (J**!X, H%g‘“) is a polarized

complex torus in the sense of Definition A.1.

Polarized complex tori whose Hermitian form is positive-definite are called Abelian
varieties and have particularly nice properties: they are precisely the complex tori which
admit an embedding in projective space; see Theorem A.2. It is thus of interest to look
at the definiteness of H2 ! on our intermediate Jacobians, which is described by the
Hodge-Riemann bilinear relations [Huy05, 3.3.15]. Namely, for any primitive form 0 #
a € HP 1! (X)p in the Lefschetz decomposition [Huy05, 3.3.13], one obtains :

max(p,q) 2 —
(2k+1)%—1
HY(x0= @ @ UHTx), (-T2 -21/ L'aALlanw™ 271 > 0.
pHq=2k+1 1=0 X

2_
Lemma 1.5 The Hermitian form (—1) P g HETL is positive-definite when restricted to

the summand L' HP 117! (X),, of the Lefschetz decomposition of H**1(X,C).

Thus, if the Hodge diamond of X has a special enough pattern of trivial groups, either
HET or —HZE will be a positive-definite Hermitian form on either half of the Hodge
diamond. If moreover +3H% ! is integer-valued as explained above, one will obtain a

positive-definite polarization.

Example 1.6 The intermediate Jacobians of degree 1 of a compact Kidhler manifold X are

precisely the Albanese and Picard varieties [Huy05, 3.3]:

J'X = HO(X)*/pH (X, Z) = Ab X, J' X =HO\(X)/pH!(X,Z) = Pic’ X.

3 An integral Kahler form exists precisely when X is projective, by the Kodaira embedding theorem.
4Only in odd, middle degree 2k + 1 = n the alternating form %H%f“ is guaranteed to be unimodular on

pHZ**1(X,Z). In general, the Kahler form w cannot be chosen so that %H%‘H is unimodular because the

Lefschetz map L" % : H*(X,Z) < H*' (X, Z) is often not surjective, as we are about to see for projective
hypersurfaces of degree > 1.



1.3. Blowing up threefolds

If X is projective, the Abel-Jacobi maps become

— CHO(X)hom — ]1 X/ Canl (X)alg — Canl(X)hom :> ]211—1 X= ]T-}\(
(1.8)

If in addition an integral Kdhler form is chosen, the Hermitian form —H}g becomes a

CI_IO (X)alg

positive-definite polarization on ]1 X, the indices of Lemma 1.5 being ¢ = 1Lk = p =
I = 0, making J' X and its dual an Abelian variety. In particular, this holds for a smooth
projective curve C, where the polarization —# ¢ is moreover principal and the dualizing

map ¢_y,. : JC S JCis precisely Poincaré duality.

Lemma 1.7 Let f : X — Y be a holomorphic map of complex projective manifolds of dimension n
with finite generic fiber of length d > 1, and w an integral Kithler form on Y. Then, with respect
to the polarizations (1.6) defined in terms of w on Y and f*w on X, the pullback f* induces a

morphism
(JFy,d - HET) — (P X, HETY) of polarized complex tori, for all 2k +1 < n.

Proof The assumption on the generic fiber implies that f. is multiplication by 4 in top
integral homology, so for all a, 8 € H**1(X, Z) it satisfies

/Xf*‘x vf*,B vf*w"_Zk_l —

N B W1 — g / d e B "1
fAX} P Y P

by the naturality of the cap product. Then we conclude

SHx(f'pa, f'pB) = SHx(pffapfB) =dIHI (o, pB),

and since H%kH is uniquely determined by the values of its imaginary part on the complete
lattice o H**1(Y, Z), we have verified that H% ™ pulls back to dH2"! on p H**1(Y,C).0

1.3 Blowing up threefolds

Consider in this section a complex projective threefold X. The intermediate Jacobian ]53(
of every such threefold has the principal polarization Hx described in (1.5). Armed with
Hironaka’s resolution of singularities, we know that to study how invariants change under
rational maps it is enough to study how they change under blow-ups. Since blow-ups are

degree 1 maps of same-dimensional manifolds, by Lemma 1.7 they induce embeddings
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of the middle degree polarized intermediate Jacobians. In the case of threefolds, the only

blow-ups that will concern us are along points and smooth curves. °

Lemma 1.8 For every point p € X, the blow-up Bl, X — X induces an isomorphism

—

(ﬁ;(, Hx) = (J°BL, X, Hpi, x) of polarized complex tori.

Proof This is a simpler version of the proof of Lemma 1.9, where one would obtain
H3(X,Z) = H3(Bl, X, Z) by substituting C = {p}. O

Lemma 1.9 For every smooth curve C C X, the blow-up Blc X — X induces an isomorphism

— L —

(]?;(, Hx) x J1C,—Hc) = (PBlc X, Hepi-x) of polarized complex tori.

Proof Consider the exceptional divisor E C Blc X. The blow-up morphism ¢ : Blc X — X
restricts to an isomorphism U = U between the open sets U =BIcX\E U= X\
C. The long exact sequence of the pairs (Blc X, U) and (X, U) in singular cohomology
with integral coefficients are connected by the pullback ¢*, and we will describe relative

cohomology groups using the normal bundles of the submnanifolds C C X and E C Bl¢ X:

H2(U) —— H3(X,U) ——— H3(X) —— H3(U)
e I

H2(U) —>—Z H3(Blc X, U) —— H3(Blc X) —— H3(U)

(1.9)

L NE/BICX(_)BIC X
tubular neighbourhood embedding

Ho (Ne B x)

By the tubular neighbourhood theorem, there exists an open embedding ¢ : Ng, g x —
Blc X such that the zero section is sent to E C Blc X. Singular cocycles on N, ). x anni-

hilating chains in NV g x \ E can be represented by compactly supported ones, inducing

5Since Hx induces the Poincaré duality isomorphism ]53( = J? X, the results below apply just as well to the
induced polarization on the complex torus J° X, with analogous proofs in homology instead of cohomology.

10



1.3. Blowing up threefolds

an isomorphism which commutes with the pushforward &,:

Thom isomorphism

@ excision ~
H'(E) == H(Ne/Bicx) —— H*(Ne/B1c x, N/ x \ 0) «—=— H(Ble X, U)
fiber e\irf:luation b l

H3(Blc X) .

The same holds for the pair (X, U), but since N, is of real rank 4 over a 2-dimensional
base, we have H‘Z’pt (Nz,x) = 0. This implies that § : H>(U) — H(Blc X, U) is 0, meaning
that H3(Blc X, U) — H3(Blc X) and thus 1, are injective.

Since ¢ is a degree 1 map of compact manifolds, also ¢* : H*(X) — H>(Blc X) is

injective. By exactness of (1.9) at Bl X, we obtain an isomorphism
H}(X) @ HY(E) = H3(Blc X), (w,a) — (¢*w + 1 (m*a — @)),

where @ is the Thom class of the normal bundle 7 : N/, Bl x — E.
The restriction ¢ : E = P(Nz,x) — C is a Pl-bundle, and the Euler class e of the
tautological bundle N, g x restricts to a negative generator of H?(E| p) on each fiber.

Thus, the Gysin exact sequence gives isomorphisms

. HY(C) -2 H'(F) HY(E) -2 H2(C) —— -

~

where ¢, is the evaluation along the fiber with inverse ¢* — (— e), meaning that it satisfies

the projection formula

/qu*(uc)v(—e):/cgo*(go*(uc) v(—e)):/czx, for all & € H2(C).

Passing now to complex coefficients and projecting to the right half of the Hodge

diamond of the complex manifolds E < Blc X — X we obtain the following commutative

diagram. ©
H3(X,Z) o H!(C,Zz) — L") | 1Bl X, Z)
¢ +
oH3(X,Z) ® pH'(C,Z) ~ oH3(Blc X, Z)
y ) (1.10)
H2(X) @ H%?(X) @ H*(C) —=— HY(Blc X) @ H**(Bl¢ X)
+ +
PXeJic ~ PBlc X

6Recall that p H3(X, Z) is a complete lattice of the R-vector space H?(X) @ HO3(X).

11
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We now have to check that the Hermitian form on H3(Blc X, C) is pulled back to the
ones on H*(X,C) and H'(C,C). Since ¢ is a degree 1 map of compact manifolds, it pulls
back the cup product pairing on Blc X to the one on X, so (¢*)*Hgpj.x = Hx is verified.

Recall that the Thom class @ is the fundamental class of the zero section of the vector

bundle 7 : Vg, x — E. We will need the self-intersection formula
PP=re— € H4(NE/BICXIZ)‘
Take now &, B € H!(C,Z) and compute

/ t*(n*(p*avd)vﬂ*q)*zxv@):/ mTreta — O — TP p— D
Blc X

Ne/bic x

= (¢ (@ — p) —e— &

Ne/bic x

I/Efp*(avﬁ)ve

:—/Cocvﬁ.

SHeie x(p t(T @ 0 — @), p 1 (79" — @) = — SHc(p a0 B),

Then we conclude

and since Hc¢ is uniquely determined by the values of its imaginary part on the complete
lattice p H'(C, Z), we have verified that Hp_ x pulls back to —Hc on H*'(C). O

We start leaving implicit in the notation the polarizations of each intermediate Jacobian
and indentifying P X = ﬁ;( and JC = ]/E under Poincaré duality. For Jacobians of curves,
the implied polarization is —7H, whereas for threefolds it will be H, because these are the

ones that are positive-definite.

Corollary 1.10 If X --» X' is a birational map between complex projective threefolds, then there

exist finitely many smooth, projective curves (Ci);, (C;); and embeddings

PXx[[IC+PX, PX<PX' x[]J C;  of polarized complex tori,
i j

Proof Call f : X --» X’ the birational map and g its inverse. We build the "Hironaka

house" that resolves the singularities of f and g:

12



1.3. Blowing up threefolds

where X and X' are obtained from a sequence of blowing-ups p and p’ of X and X/,
respectively, such that f lifts to a birational morphism f = f o p and g lifts to a birational
morphism § = gop'.

All the maps above are of degree 1, so taking intermediate Jacobians and applying
repeatedly Lemma 1.9 to the blow-ups that compose p, p’, yields curves (C;);, (C}); and

]
the following embeddings of polarized complex tori:

PXXIICG —=FX o FPX = FPX G
pﬁ Ip,* .
P X PX.

Because of Corollary 1.10, one could say that the intermediate Jacobian J? X of a three-
fold X, modulo its embeddability in products of Jacobians, is a birational invariant. This
can be made precise in the following way. Consider the set & of isomorphism classes of

principally polarized complex tori, further quotiented by the equivalence relation:

A s there exist smooth, projective curves (C;);, (C]’) j and embeddings
’ A < Bx[I;JC}, B A x[];]JC; of polarized complex tori.

The cartesian product between polarized complex tori gives a well-defined, associative
and commutative binary operation on &, making it into a commutative monoid. The
neutral element in & is the class of all principally polarized complex tori embeddable into
a product of Jacobians.

The equivalence class of ]3 X in &, which we will denote 3ac3 X, is often called the
Griffiths component of the threefold X. Its importance is explained by the following para-
phrasing of Corollary 1.10.

Corollary 1.11 (Clemens-Griffiths) The Griffiths component Jac® X € & is a birational invari-
ant of X.

Since Jacobians of curves with the implied polarization —H are Abelian varieties, it
makes sense to talk about the submonoid 2 C & of classes containing only Abelian vari-

eties. The structure of this submonoid is easily described using the canonical decompo-

13
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sition of Abelian varieties into indecomposables [BL04, 4.7]. 7 This is stated more conve-

niently in terms of the associated theta divisors of an Abelian variety; see Definition A.8.

Theorem 1.12 Let (A, ®) be a principally polarized Abelian variety with its theta divisor, and
® = Y n;0; the decomposition in irreducible components. Then, each n; = 1 and there exist
indecomposable, principally polarized Abelian varieties (A;, ©});, uniquely determined up to iso-
morphism and permutation, such that (A,®) = T1;(A;, ©}) as Abelian varieties, and ©; is the
pullback divisor of ®; under the projection [T; A; — Ai.

As a consequence, two principally polarized Abelian varieties A, B are equivalent in & if
and only if their indecomposable factors not isomorphic to Jacobians of curves coincide.
Thus, we recognize 2 as the commutative monoid freely generated by indecomposable

principally polarized Abelian varieties which are not Jacobians.

1.4 Smooth hypersurfaces

We now focus on a particular class of projective manifolds. Let us fix for the rest of this
section a smooth, projective hypersurface X C P := P"*! of degree d. The Lefschetz
Hyperplane theorem [Voi09, 1.1] states that the pullback maps * : H*(P,Z) = H"(X, Z)
are isomorphisms for all k < 1. Since H*(IP, Z) = 0 in odd k # n, we only consider even

indices. By the naturality of the cup product, the following diagram commutes:

[H* Z o [H* .2 — 0P, Z) o " (P, Z) = H"(P,Z) — [H]" - Z

l j (H]"
et 1
d-[+]

H*(X,Zz) o H"2(X,7) = H*(X,Z) = [+]- Z,

where H C P is any codimension 1 hyperplane not containing X.

Lemma 1.13 For [H] the pullback of a hyperplane class in H*(IP, Z.), the cohomology of the smooth,
degree d, n-dimensional hypersurface X C IP is

7Recall that a polarized complex torus is called indecomposable if it is not isomorphic, as a polarized com-
plex torus, to a non-trivial product of polarized complex tori. Maximal decompositions into indecomposables
always exist, but only for principally polarized Abelian varieties there is a canonical one.



1.4. Smooth hypersurfaces

1
- 0o 1 0
~IH|*-Z for 2k > n,
H*(X,Z) = alt) f I
[H)-Z  for 2k <mn, L A
0 0 0 o
§ 0 1 0
HY(X,Z) =0 forodd k # n. 0 ) 0

Proof For all 2k < n, H* (X,Z) is free of rank one because (* is an isomorphism. On
the other hand, since the cup product induces a perfect pairing, this forces H> (X, Z)
to be free of rank one as well as to vanish in odd dimensions. Then, we recognize that
t*([H]zn_zk) is d times a generator of H*'~2*(X, Z). O

The two extremes in middle cohomology are computed from the canonical bundle,

known to be wx = Ox(d —n — 2) for degree d hypersurfaces [Huy05, 2.4.9], giving us

0 d<n+1
ho"(X) = h™(X) = dimH(X, Ox(d — n —2)) = { ="

A1) d>n+1.

The total cohomology in middle dimension is related to the Euler characteristic by

n {n +h"(X) if n is even,
i=0

e(X) =Y (=1)'hi(X) =
(X) = L (=1)'h'(X) n+1—h"(X) ifnisodd.

From the cohomological results obtained above, we see that the only interesting inter-
mediate Jacobian of an odd dimensional, smooth, projective hypersurface X is the one in

odd, middle degree n, which we will denote shortly J X.

Lemma 1.14 The Hermitian form

n2

2’1“7-21‘/ 17490 N TIPAB
X

Hx o (@ p) > Y (-1)

p+q=n

on H"(X, C) is positive-definite when restricted to either half of the Hodge diamond of X.

Proof The Hermitian form Hx in (1.5) decomposes as }_,,, ,—, Hx (I17(-), I171(-)), where
174 is the projection to HP7(X). By Lemma 1.13, middle cohomology H" (X, C) is entirely
primitive, so Lemma 1.5 gives us the sign corrections needed to make Hx positive on each

summand. O

15
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Corollary 1.15 If the middle Hodge numbers of an odd dimensional, smooth, projective hypersur-

face X vanish in periods of two, meaning:
YO <I<n/2even: h"" ' (X)=0 or V1<I<n/20dd: " '(X)=0, (1.11)

then, the Hermitian form Hx from Lemma 1.14 has as imaginary part SHx = +3Hx an integer-
valued, unimodular alternating form on pH"(X,Z), making the pair ()" X, Hx) a principally

polarized Abelian variety.

Lemma 1.16 Ifd > 1 and P! C X is a linear subspace, then 1 < n/2.

Proof Let Y C X be an I-dimensional subvariety. If | > n/2, the last map in
Hy(Y,Z) —— Hy(X,Z) —=— H>" (X, Z) «=— H>"2(P"*,Z)

is an isomorphism. Then, Lemma 1.13 says that the fundamental class [Y] € H?*~? (X, Z)
equals a multiple m - [H]"~!|x of the pullback of a hyperplane class [H]"~! € H?*~2/(P"+1,Z).
Then it holds

HYl({Y}) = Y] — [H|x({X}) = m[H"|x — H|x({X}) = md £ 1.

On the other hand, any linear P! C IP"*+! satisfies [H]!|pi({I?'}) = 1, s0 Y cannot be such.(]



Chapter 2

The Cubic Threefold

Let V be a complex vector space of dimension 5. In this chapter we consider a smooth
cubic threefold X = Z(F) C PPV, given by a cubic form F € H(IPV, O(3)). Throughout

we will denote Spy the tautological line bundle on PV and Sy its restriction to X.

2.1 Cohomology

By the Lefschetz hyperplane theorem employed in Lemma 1.13, it only remains to compute
the middle row of the Hodge diamond of X. From the Euler sequence for the tangent
bundle 0 — Tx — Tpv|x — Opv(X)|x — 0 we compute the total Chern class

o(Tx) = ici(’fx) = c(Tevlx) -c(0x(3)) ™! = ¢(Ox(1))° - ¢(Ox(3)) ™"
i=0

_ QA+ [H) > ooy 3 (2 i
= 3D (1—3[H] +9[H] 27[H])§)<.>[H],

and so by the Hirzebruch-Riemann-Roch theorem we obtain

e(x):/}<<:3(73<):/)((<§)—3-(§>+9.5—27) [H]?

:(10—30+45—27)/[H]3:—2-3:—6.
X

17
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With h*! = h'?(X) = %ha(X ) = 3(4 —e(X)) = 5, we have completed the Hodge diamond:
1
0 0
0 1 0
0 5 5 0
0 1 0
0 0
1

The intermediate Jacobian (H'?(X)/p H>(X,Z), Hx) is thus a principally polarized Abelian
tive-fold.

2.2 Geometry of lines

The threefold does not contain any plane P> C X by Lemma 1.16, but the geometry of
its lines is very rich, as we are about to see. For a more general discussion about Fano

varieties of linear subspaces in projective hypersurfaces we recommend [Huy23, 2.1].

Lemma 2.1 Through every point of X there passes at least one line and at most 6. Through a

generic point there pass exactly 6 lines.

Proof Let a € X, and T,X = Z(d.F(a)) C PV the embedded tangent hyperplane. The
cubic surface X NT,X C T,X intersects any line L C T,X in a with multiplicity > 2. If L
is not contained in X, by Bézout’s theorem, it intersects X either in a2 with multiplicity 3 or

in a second point b € T,X with multiplicity 1. So for every b € X NT,X \ {a}:

the line (a,b) is contained in X <= (a,b) is tangent to X atb <= (a,b) C T;X

= a€T,X = Z(d.F(b)) <= 0,F(b) =0 <= be Z(3,F).

Therefore, the intersection
XNT,XNZ(,F) C T, X

is the union of lines in X passing through a. Take a plane H, C T, X not passing through g,
so that it parametrizes lines in T, X passing through a. Since 9, F is a quadratic polynomial
(defined up to scaling), again by Bézout’s theorem, the intersection X N Z(d,F) N H, C
H, = P? consists of 6 points b, counting multiplicity, which trace a line (g, b) contained in
X.

Fix now a hyperplane H C PV. Then H, = HNT,X is an admissible choice of plane
in T,X for all 2 € X\ H. The set of such a whose 6 associated points b € H, are not
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distinct is cut out by the resultant of the two polynomials F and d,F with respect to the

coefficients of a. Thus, for generic a € X, the 6 lines through a are distinct. O

Proposition 2.2 For every line L C X, from the projectivization of the restricted tangent bundle

Tx|L there exists a dominant rational map
P(Txl) - X
generically finite of degree 2. Since P(Tx|L) is birational to P3, this implies that X is unirational.

Proof We follow [Huy23, I1.1.21]. For any (4, [v]) € P(7Tx|L), the direction v determines
a line L, ,) == (v) C T,X C PV which intersects X in a with tangent direction v. We
construct the map as follows. If L, ;) is not one of the 6 lines contained in X, by Bézout’s
theorem, it intersects X either in a with multiplicity 3, or in a unique other point b with
multiplicity 1. Assigning to (a, [v]) this third point b(a, [v]), potentially equal to a, defines
a regular map from an open dense subset U C P(7x]|L).

The fiber over a y € X \ L is given by all the lines L in the 2-dimensional linear span
(L,y), such that L' is tangent at X at the point of intersection L N L’. This happens if and
only if, set theoretically,

{ytu(LnLlh)=L'nX=Ln(XN(L,y)).

Since X cannot contain a plane by Lemma 1.16, the intersection X N (L,y) is a cubic
curve, and L is a degree 1 component of it. Then, the residual curve C, C (L,y) is a conic,
either irreducible or a union of two distinct lines (possibly including L). Thus, a line L'
such as before must intersect y and a point of C, L C (L,y). If L ¢ C, there are either
one or two such distinct points.

Observe now that a generic plane P> C PV containing L intersects X along L with
multiplicity 1, meaning that the residual conic in P> N X does not contain L. Concluding,
for a generic y € X \ L there are either one or two points (g, [v]) € U with b(a, [v]) = y. In

particular, the rational map thus defined dominates X. t
Lemma 2.3 X is rationally connected.

Proof As in the proof of Proposition 2.2, for any line L C X and y € X \ L, the reducible

cubic curve X N (L, y) connects y to a point on L by either a line or a conic. U
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Remark 2.4 Lemma 2.3 says that CHy(X) = Z. Applying [BS83, 1.(ii)], one can prove that
the Abel-Jacobi map is an isomorphism: CH; (X)), = CH1 (X)hom — J° X, but the result

is outside of the scope of this thesis.

Remark 2.5 For any p € X, projection from p to a hyperplane IP* C PV induces a degree

2 rational map

Thus, the degree of irrationality is [X : C(x1, x2,x3)] < 2.

Let L = PW C X be a line spanned by a 2-dimensional subspace W C V. Denote
m:V — V/W the quotient map. With the choice of a splitting V = W & W’ we can think
of P(V/W) as the embedded PW’ C PPV not intersecting PW, but it is more natural to
keep working invariantly. Consider the rational projection PV --» IP(V /W) induced by 7.
The fiber of X --» P(V /W) over a point a is (X \ L) N (L,a). Since X cannot contain the
whole 2-dimensional projective plane (L, ), the intersection X N (L, a) is a degree 3 planar
curve, and L is a degree 1 component of it. Thus, the residual curve of L in XN (L, a) is
a possibly non-reduced conic. The rational projection can be extended to a morphism by

blowing up at L:

BIL X —— BlL rv

l lr \ (2.1)

X 3 PV -3 > P(V/W).

Proposition 2.6 The projection ¢ : Bl X — P(V /W) is a bundle of plane conics. The set of
points a € P(V /W) such that the fiber ¢~1(a) is not smooth is a curve of degree 5, called the
discriminant curve D, C P(V /W). For every a € Dy, the reducible conic ¢p~1(a) is

* a union of two distinct lines L1 U Ly C Bly, X coplanar with L, if a is a smooth point of D,
* a scheme-theoretic double line, if a is a singular point of Dr.

Before delving into the proof, we describe Bl;, X geometrically in terms of vector bun-
dles. On IP(V /W) there is the vector bundle 7 parametrizing 3-dimensional subspaces of
V containing W, such that over each a € P(V /W) the fiber is J|, = 7~ !(a); it fits with
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the tautological line bundle Sp(y /) in the exact sequences

P(V/W)x W « J Sp(v/w)

I i) )

P(V/W)xW «—— P(V/W)xV —» P(V/W) xV/W

The blow-up Blpy IPV can be characterized as the projectivized tautological bundle IP.7,
which naturally embeds as a subvariety into PV x P(V/W). The blow-up morphism t
and the projection ¢ : Blpy PV — IP(V /W) are simply the projections onto the factors PV
and IP(V /W), and the exceptional divisor of Blpy [PV corresponds to E := PW x P(V/W).
It is then a matter of unraveling definitions that the pullback 7*Spy of the tautological line
bundle on PV is the relative tautological bundle of ¢*J on P.J:

™*Spy ——— v T

l \
E—— Bllpw]PV _ IPJ j
I " (2.2)
- PV xP(V/W)
/ \»
PW ——— PV ] » P(V/W)

Proof We follow [Huy23, IL5.1] and [Bea77, 1.2]. Since t*Spy — ¢*J is the relative
tautological bundle, the induced map on global sections of its dual, and any symmetric

power thereof, is an isomorphism:

H'(PT,S® T*Spy) & HO(PT,S> v* T*) = v* HO(P(V/W),S® J).
Recall the cubic form F € HO(IPV, g3 Spy) defining X, which vanishes on L = PW, and
write TF = *G fora G € H(IP(V/W),S® J*). Since the restriction of G to the subbundle
P(V/W) x S>W C S® 7 vanishes, by the exact sequence

Spvyw) @ST = ST > P(V/W) xS W* (2.3)

we know that G actually comes from a section in H°(IP(V /W), S]I*’(V/W) ®S2T*).
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We emphasize not to confuse i with its restriction ¢ to Bly X. For a € IP(V /W), since
¢~ !(a) is the residual conic of L in Z(F) NIP(7t~1(a)) we have

LUg Y(a) == Z(F)NnP(n(a)) c P(na)) c PV
e ]
Z(9*Gla) C PJ|a

Z(H)UZ(Q) —— Z(Gl) ¢ Tl <

where 0 # H, € J|} is a linear form vanishing on W and 0 # Q, € SJ| is a quadratic
form such that G|, = H, ® Q,. Then, necessarily, the conic

¢ '(a) = Z(¥*Q,) is not smooth <= the quadratic form Q, has rank < 2
<— detQ, =0 <= detG|,=0,

since det H, # 0. The set Dy is thus cut out in IP(V /W) by the zero set of the determinant
section detG € HO(]P(V/W),det(Sii(V/W) ® S2J*)). From the exact sequence (2.3) we

compute

det(Sp(y/w) © S2T*) = det Sy ) © (det ) ek
= S]lt(V/W) ® <det S]lt(V/W) X det(IP(V/W) X W*))®4 ~ <Sﬂt(v/w))®5.

Thus, the discriminant locus Dy = Z(detG) C IP(V/W) is a curve of degree 5.

To study the singularities of D; we have to work locally. Choose a trivializing open
neighbourhood U C P(V /W) for J, coordinates x1, x for U and y1, ¥, y3 for the fibers of
J|u, meaning that S* 7|}, = Ouly1,y2, y3]. Write

Glu=(h-s)-Q Q= Zqzj Yivi,  haqi € Opywy(U),
ij

where s € J*(U) denotes a non-vanishing section coming from Sp, (U), with h like-

V/W)
wise non-vanishing. Then we have the description

Bl XNy~ H(U) = Z(y*Q) C v 1(U) C BILPV.

Take now a € Dy NU. Since the quadratic form has rank < 2 at g, after a change

of coordinates we can assume that g;;(a) = 0 for i # j and gs3(a) = 0. For k = 1,2 we

22
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compute the partial derivative

(0x, det Glu)(a) = h(a) - (9x, det(qij)ij)(a)
=h(a)-)_sgno ) (9x401)(a) [ [gici(a) = h(a)q1(a)q22(a) (9x,q33) (a).

7 j i#]

We claim that at least one of (dy,433)(a) or (9dx,433)(a) is not 0. To see this, take the
singular point z = [0: 0 : 1] € Z(¢*Q|,) C PJ|, of the degenerate conic, which satisfies
(O79*Q)(z) = 0 for y1,¥2,y3 the projective coordinates induced on PJ|y. Note that
the pullbacks ¥*x1, Pp*xo together with 17,72, y3 form a generating set of coordinates for
¢~ 1(U). Then, with the crucial assumption that X and thus Bl; X are smooth, at least one

of the remaining partial derivatives cannot vanish:

07 Iy ¥*Q)(2) = (Zaxqu‘j(a)yiyj> (z) = (9x,q33)(a) fork=Tor2.
if

Therefore, we conclude that the reducible conic

¢ 1(a) = Z(¥*Q|,) is a union of two distinct lines
<= the quadratic form Q|, hasrank 2 <= ¢1(a) # 0 and gxn(a) #0
<= (0y detG|y)(a) #0fork=10r2 <= a€ Djissmooth. [

Motivated by Proposition 2.6, we capture with the following definition the lines which
induce a conic bundle with smooth discriminant curve. We will see in Proposition 2.15

that a generic line in the cubic threefold is of this type.

Definition 2.7 A line L C X is called of first type if for every plane P> C PV containing L, the
component of L is reduced in the scheme-theoretic intersection P N X.
Aline L C X is called of second type if there is a plane P?> C PV containing L which is

tangent to X at each point of L. In this case, such a plane is unique.

Lemma 2.8 For every line L C X, the normal bundle of L in X is

OLe 0L if L is of first type
Niyx =
Or(1) ® Or(—1) if L is of second type

23
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Proof The normal bundle sequences for L C IPV and X C PV fit in the following commu-

tative diagram, where every composition along a straight line is exact. !

(2.4)
Tev|L

I

NL/X € NL/]PV — NX/]PV’L

The normal bundle of the smooth, complete intersections L and X in PV is known to
be isomorphic to O (1)®% and Oy (3) respectively. Applying Grothendieck’s theorem to
the rank 2 bundle N, x on the curve L, we obtain integers a,b with N ,py = Or(a) @
Oy (b). The inclusion into O (1)%3 forces a,b < 1, whereas the exactness of the horizontal

sequence forces
a-+ b= deg(./\/L/X) = deg(NL/]pv) — deg(/\/x/py) =3-3=0.

Thus, the only two cases are (a,b) = (0,0) or (1,—1).
To distinguish the two cases according to Definition 2.7, consider a plane P? C PV
containing L. Then, P? is tangent to X at each point of L if and only if the composition

Np p2 = Nxypy|r is 0, which happens if and only if it factors through an inclusion in

Ni/x-

NL/X — NL/IPV — NX/]PV|L

LY T /
N

NL/]PZ

Knowing that NV} ,p = Op(1), if L is of second type, the factorization implies that N} ,x
contains an O (1) summand. Conversely, if N} ,x contains an O (1) summand, then the
2-dimensional space of global sections H(L, N7 ,x) = H°(IPV, Opy(1)) defines a plane
P2 C PV containing L and tangent to X at each point of L, so L is of second type. O

IThe smallest Pythagorean triple which gives integer coordinates for all the objects in diagram (2.4), such
that the short exact sequences stay straight lines, is (45, 60, 75); we used the triple (3,4, 5) as an approximation.
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2.3 Fano surface of lines

In this section, we construct the variety that parametrizes linear subspaces of dimension
1 lying in the cubic threefold X, called the Fano variety of lines. It will be convenient to
start with the functorial approach and investigate concrete geometrical properties later. So
let us consider X and PV scheme-theoretically.

Denote Sch¢ the category of finite type complex schemes. By a family of lines of X
parametrized by T € Sche we will mean a closed subscheme Y < X x¢ T which is flat over
T and such that, for each t € T, the fiber

Y| =Y x¢ Spec(k(t)) — X x¢ Spec(k(t)) — PV x¢ Spec(k(t))
is a linear subvariety of dimension 1.

Theorem 2.9 The Fano functor of lines Fany : Sche — Sets, which associates to each scheme T
the set
{Y C X x¢T|Y is a family of lines of X parametrized by T },

is representable by a connected, projective scheme over C, which we will denote FX.

Proof Every family of lines of X parametrized by a scheme T is the projectivization of
a (unique up to isomorphism) rank 2 locally free subsheaf 7 < OF° with locally free
cokernel. Thus Fany is naturally a subfunctor of the Grassmann functor, associating to
each scheme T the set of isomorphism classes of all such subsheaves. The latter is repre-
sentable by a smooth, integral scheme of dimension 2(5 — 2) = 6, called the Grassmann
variety G := Gry(V), which naturally embeds into IP(A? V) via the Pliicker embedding.
We will show that a closed subscheme of G represents the subfunctor Fanx. Consider the
tautological rank 2 subsheaf S¢ — Og ® V, and the induced restriction on symmetric

powers
Oc®S*V* — 0g(3),

The cubic form F € S® V* defining X gives a global section sr € H(G, Og(3)). Then, the
subsheaf T*Sg — Or ® V corresponding to a morphism 7 : T — G induces a family of

lines of X if and only if sy maps to 0 under the restriction map 7*.

*

HY(T, 7 0g(3)) =H(T, 7" Oc (3)) - H'(G,0c(3) T—"—>G
h— /OHSF " e
H(Z(sr), Oc(3)) Z(sr)
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In other words, Fanx corresponds to the subfunctor of G associating to each scheme T
the set of morphisms 7 : T — G such that 7*sr = 0, which is representable by the closed
subscheme Z(sp) C G cut out by the section sp. Moreover, since s is a section of a locally
free sheaf with rank S S¢ +1 < dimG, the closed subscheme Z(sr) is connected by the

Fulton-Hansen connectedness theorem. O

Remark 2.10 In the proof above we have appealed to the existence of the Grassmann vari-
ety and then identified within it the closed subscheme representing the Fano functor. This
process can be generalized to construct the Hilbert and Quot schemes, which represent
the functor of arbitrary closed subschemes of a projective scheme and the functor of arbi-
trary quotients of a flat, coherent sheaf. The Fano functor is naturally a subfunctor of the
Hilbert functor $ilbx of closed subschemes of X, which is representable by the projective
scheme Hilbx over C. A family of closed subschemes Y € X x¢ T C PV x¢ T is a family
of lines if and only if it has constant Hilbert polynomial z + 1 on every fiber, thus Fany is

representable by the closed stratum Hilb%"' € Hilby.

Theorem 2.11 The Fano scheme FX is a smooth variety of dimension 2.

Proof Reducedness and irreducibility will follow from smoothness, since we already have
connectedness. Let us briefly recall the deformation-theoretic description of the tangent
space Ty FX ata line L C X. Tangent vectors correspond to first order deformations, which

are morphisms of schemes
Spec(Cle] /%) — FX, (e) ~— L.

By the defining property of the Fano scheme, such a morphism corresponds to a family of
lines

Le C X x¢ Spec(Cle]/€®) =: Xe, L = Le|e—o C Xele=o = X,

so to exact sequences of sheaves on X,
ILS — OXE — OLE

such that Oy is a flat C[¢] /e>-module and the pullback through Cle]/e? — C recovers the
original sequence on L C X. An Ox.-module F is flat over Cle]/€? if and only if its tensor
product with the unique non-trivial ideal (&) < C|[e]/¢? preserves left-exactness, that is if
(¢) ® F — F is injective. It then holds by the five lemma that the kernel K = ker(Ox, —
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F) is also flat. So the first order deformations of L in X correspond to flat quotient sheaves

Ox, — F fitting in the commutative diagram

C@(E) IL®(£)‘—>Ox®(S)*»OL®(€)
£

K®(e) —— Ox, ®(e) — F® (e)

{ { { )
C[E]/Sz Ke—— Ox, ——— F
4 i 44 ]
C I, ——— Ox ——» OL.

From any such diagram one can take the connecting homomorphism
I, — OXE/IL &® (S) — 0L ® (8) = O,

and it is a standard deformation theory exercise that any sheaf homomorphism Z; — Oy,
induces such a diagram. Thus, first order deformations of L in X correspond to global

sections of the sheaf
’H,om(IL, OL) = ’HOWI(IL/I%, OL) = NL/X/

and thus T; FX = H(L, N7 /x) has dimension 2 in both cases of Lemma 2.8.

A similar argument shows that first order deformations of L in X are unobstructed if
H'(L,N/x) =0,

we refer to [Huy23, I1.1.3] for a detailed discussion. This is satisfied for both lines of first
and second type, as we have seen in Lemma 2.8, since H! (P!, Op:(41)) = 0. Therefore,
the Fano scheme is smooth at every point and of dimension 2. U

Since FX is smooth, going further, we will consider it simply as a complex manifold.
The restriction to the Fano surface of the tautological bundle sequence on the Grassman-

nian gives the vector bundles
Sex — Opx ® V — Qfx

with Spx|pw = W and Qpx|pw = V/W for every PW € FX. The projectivization L :=
P(Skx) < (FX) x PV is the tautological P!-bundle over FX with L|, = L for every
L € FX, and its image in (FX) x PV is the incidence correspondence of lines. The two
projections on (FX) x X restrict to projections p and g on LL giving diagram (2.5), which

we will refer to as the Fano correspondence.
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Lemma 2.12 The projection q : IL — X is a flat, finite morphism of degree 6.

Proof It is finite of generic degree 6 by Lemma 2.1. Moreover, this holds for every fiber
because any two points are rationally equivalent, by Lemma 2.3. This implies that g is also
flat. O

(FX)x X O {(Lx)|x€L} +=— L = IPSFX%N»X c PV

P! -bundlell‘J (25)
EX

It is a matter of unraveling definitions that the relative tautological line bundle on L is the

pullback of the tautological bundle on X:
q*SX =8 — p*SFX S OLeV. (2.6)

We will see in Lemma 2.21 that g is actually the projective morphism induced by the line
bundle Sy .
Now we want to distinguish the lines of first and second type within the Fano surface.

The Gauss map Gx of the cubic threefold X is the morphism

Py P EEREE) oy
X gx(X) = X*,

well-defined everywhere because X is smooth. Being defined by the derivatives of a cubic
polynomial, it is a finite morphism of degree 2. Geometrically, it sends a point p € X to
the embedded tangent hyperplane T, X = Z(d.F(p)) C PV through the isomorphism

ker: PV* — Gr(4,V).
Lemma 2.13 A line L C X is of first type if and only if the restriction of the Gauss map
Gx:L— Gx(L)

is an isomorphism onto a smooth plane conic. It is of second type if and only if Gx : L — Gx (L) is

a double cover onto a line.
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Proof First we note that the image Gx (L) is contained in the dual variety L* = P> C PV*,
and that planes P 22 P2 C PV containing L correspond to lines P* 22 P! C PV* contained
in L*. Moreover, any plane P D L is tangent to X at p € L if and only if Gx(p) € P*. Thus,
L is of first type if and only if Gx(L) is not contained in any line. Choosing coordinates
such that the Gauss map simplifies to a regular map P! — IP? defined by polynomials of
degree 2, it becomes clear that it is an isomorphism if and only if the image is a smooth

plane conic, and is a double cover onto a line otherwise. t

We will need the following important corollary of the reflexivity theorem, which ap-
plies to any smooth hypersurface in projective space over an algebraically closed field of

characteristic 0; for the general statement and proof, see [EH16, 10.21].

Theorem 2.14 (Reflexivity) The Gauss map Gx : X — X* is a finite and birational morphism.

In particular, it is generically injective.

Proposition 2.15 The subset of lines of second type in the Fano surface, which we denote D, C FX,

is a curve. In particular, a generic line L € FX is of first type.

Proof Using Theorem 2.14, if S C X is a proper, Zariski-closed subset such that Gx is
injective on X \ S, then any line L C X not contained in S must be of the first type. Indeed,
except for the finite subset of points L N S, the restriction Gx|; must be injective, so it can

only be an isomorphism by Lemma 2.13. So a generic line is of the first type.

To distinguish the type of a line L C X with an algebraic criterion on FX we look at
the twisted normal bundle:

0 if L is of first type

dimHY(L, Ny /x(—1)) =
1 if L is of second type.

Consider the cubic form F € S®V* and three linear forms I1,l,, 13 € V* such that L =
Z(lh,13,13) = PW. The Euler sequence sends W and V isomorphically onto the global
sections of 7;(—1) and Tp|.(—1), and it also shows that the higher cohomology of 7. (—1)

~

vanishes. Together with the isomorphisms O (1)®® = N7 ,p and OL(3) = N p|., we
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obtain the following diagram of cohomology groups.

W —=— HYL, T.(-1))

| I

V —=— HYL, Tp|L(—1))

| |

V/W —— H°(L,Ny,p(—1)) — H(L, Nx,p|(—1)) — H'(L, Ny ,x(-1))

1\
O (uli); 2| ook ZT

H(L,09%) ———= HYL,0.(2)) +——— S*W*
(2.7)
By exactness of the horizontal sequence at N, p|.(—1), we see that L is of first type if and
only if the morphism & € V/W + 9,F € S*W* has full rank 3; it is well defined because
dwF vanishes identically for w € W.

Now we globalize this criterion using the tautological bundles on the Fano surface.

Note that the morphism above is just the restriction over a fiber of the holomorphic map
¥: (L,7) € Qpx — (L,8,F) € S* Sy,

which is not a vector bundle homomorphism. Then, the subset of lines of second type is

precisely the degeneracy locus
D, = {L € FX| rank 9|, < 3} = Z(dety) C FX,

where det ¢ is the determinant section in H(L, det( Qy ® S* Siiy)).- O

Remark 2.16 Let us draw a connection between the surjectivity of ¢|pw : V/W — S* W*
discussed in the proof and the non-degeneracy of the Gauss map, which allows one to
bypass the argument involving the normal bundle sequences. Surjectivity is equivalent to

the injectivity of the dual
SPW 5 (SPWH* — (V/W)* = V*,  ps (v 3,F(p)).

After precomposing with the Veronese embedding, the projectivization of this dual homo-
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morphism is precisely the Gauss map Gx restricted to the line PW C PV.

Gx
, (0392 F(p)) ¢ o T
v 09, F g2 7+ V* S2y PV* ¢———————- PS?V «—— PV
l l ]\ T ] T Veronese ]
VW 22%E g2 (V/W)* +—— W P(V/W)* ¢----- PS*W +—— PW

Since the image of PW < IPS> W is not contained in a hyperplane, we obtain the following

equivalences:

im(S*W — V*) has dimension 3 <= im(PS*W --+ IPV*) is not contained in a line

<= Gx(PW) =im(PW — PV") is not contained in a line <= PW is of first type.

Remark 2.17 There is a morphism D, — FX mapping a line of second type L C X to its
residual L’ (potentially equal to L) in the scheme-theoretic intersection X NP = 2L UL/,
where P is the unique plane tangent to X along L. Its image R, C FX is a curve, called
the residual curve in the Fano surface. So a generic line L € FX does not intersect any line

of second type.

2.4 Conic bundles

By Proposition 2.6, every line L = PW C X of first type which does not intersect any line
of second type realizes Bl;, X as a conic bundle over P(V /W) with a smooth discriminant
curve Dy, such that for all a € Dy the reducible conic ¢~'(a) is reduced. We fix such
a line L for the rest of this section, which is generic because D, U R, C FX is a proper,
Zariski-closed subset. Our discussion can be generalized to second type lines, but it will
not be necessary to do so for our purposes in the subsequent chapters.

Consider diagram (2.8) below, which is the juxtaposition of the Fano correspondence
and the blow-up diagram (4.1). The conic bundle ¢ has a section D; < ¢~!(Dy) sending
each point a to the unique singular point of the reducible conic ¢~!(a). Blowing up
¢~ 1(D_) along this section has the effect of resolving the node at each fiber ¢~1(a), giving
a normalization go_/lz_[i) — D, with each fiber made up of two distinct lines.

Since q)fl_ZEL) parametrizes a family of lines of X, it embeds into the incidence cor-
respondence IL by sending each point X over ¢(X) € Dy to the pair (t(L'), 7(¥)) with

—_

L' C ¢ (¢(X)) the (unique after normalization) line containing x. Call C; := p(¢~1(DL))
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its image. Then, the projection ¢ factors through p to a morphism of curves ¢ : C; — Dp

with fibers of constant length 2, thus an étale double cover.

—>— _ normalization

¢ (D) —— ¢ }(Dr) — BIL X
¢
9 if \»
X oo s P(V/W)

L
l]ﬂ l étale L
I, double cover

FX > C D
L 7 L

p

(2.8)

Lemma 2.18

CLi=p(p-1(DL)) = {L' € FX|L' #L, L'NL # @} C FX

is a smooth, irreducible curve of genus 11. The P -bundle p : p=1(Dy) — Ci. has a section
CL = Cr={(L,x)eL|L'nL={x}}cL, L+~ (L,L'NL).
The projection q restricts to a degree 5 morphism CL — L.

Proof The subset description is immediate from the definitions, taking into account that L

is of first type and thus none of the fibers of ¢ contain L as a component. Since p restricts

to a smooth morphism from ¢~1(Dy) to its image Cy, the latter is also smooth.

The function L’ € C; — L'NL € X is a morphism, so its lift to the incidence corre-
spondence is too, and the projection p is obviously an inverse morphism to it. Note that
g Y (L) = p~Y(L) U CL, so the fibers of the restriction q|g, have generic length 5.

If Cy is disconnected, then it must be 2 disjoint copies of Dy, since we have the étale
double cover @. But then, the degree 5 restriction 4 : C; — L would have to decompose
in two morphisms D; — L of degrees summing up to 5. Since Dy is not rational, and
as a smooth plane quintic it is also not hyperelliptic, this is not possible. Alternatively,
one could use the connectedness theorem [Har77, II1.7.9], which applies to the divisor
Cr. C FX because we will see in Lemma 2.29 that it is ample. The genus is determined
by the Riemann-Hurwitz formula for the étale double cover onto the smooth curve Dj, of

genus 6. |

Remark 2.19 Since lines in X are parametrized by the connected Fano surface, which is
a smooth algebraic variety, they all represent algebraically and homologically equivalent
cycles. So also the class p.g*[L'] € H?(FX,Z) is indipendent of any particular line L’ € FX.

The next result gives a representative of this class in terms of L ¢ D, U Ro.
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Lemma 2.20 p.q*[L] = [C;] € H?(FX,Z)

Proof Since g is flat, we can use that the pullback on cohomology coincides with the

intersection-theoretic pullback:
g*[L] = [g7'(L)] = [P (L)UCL] € HA(L,Z).

By the definition of the pushforward p. in terms of the Poincaré duality maps, it holds
pelp (L) UCL] = pulp (L] + [p(CL)] = [CL],

where the first term vanishes because p(p~1(L)) = {L} is a point. O

Lemma 2.21 The pullback q* : V* = HY(PV,S;,) — H(LL, S;) is an isomorphism. Equiva-
lently, q : IL — PV is the morphism induced by the line bundle Sy :

P(H(L, §;)")

Zl(q*)*

L "% X c PV = P(H'(PV,S;,)")

Psp

Proof The cohomology exact sequence for the twisted ideal sheaf of X in PV is
0=H(PV,S*Spy) — H'(PV, Spy) — HY(X, S%) — HY(PV,S* Spy) =0,

so the middle map is an isomorphism. Consider now the induced morphism ¢s;, com-
muting with g through the (a priori rational) projection, and X its image in P(H(IL, S )*).
Then, (g*)* restricts to a finite morphism X — X, which we will prove to be generically
injective and thus an isomorphism, because X is normal. Assuming this, the claim follows
from

g - V=2 H(PV,Spy) = HY(X,S%) = HY(X, S%) < H(L, Sf).

By Lemma 2.18, for a generic L € FX the diagram restricts to

L——— PHYL,S;))

Psi
/ l(q*)* Zl(q*)* (2.9)

_ = _ q ~ % \%
p Y L)uCr =g (L) Tdeides L ¢ PV = PHY(PV,S;,)").

Since 5 is prime and ¢s; cannot be of degree 1 onto a (disconnected) curve, as it is not
an isomorphism, it must decompose in degree 1 and 5 morphisms. So (g*)* : L — L an
isomorphism, where L is the preimage of L under (g*)*. Thus (g*)* : X — X is generically

injective. U
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2.5 Geometry of the Fano surface

In this section we study the Pliicker embedding ¢ : FX < G = Gry(V) — P(A?V) in-
duced by the determinant bundle det Sfy, which is the pullback of S]l’;( A2y ON P(A?V).
Since Sy, — p*Spx — Op ® V is the relative tautological bundle (refer to the Fano corre-
spondence diagram), it holds H(IL, S§ ) <~ H"(L, p*S;iy ). Together with Lemma 2.21 and

the fact that H*(FX, Sjiy) Ly HO(LL, p*S;iy) because p* is a fiber bundle, we obtain

HY(X,S%) - H(Ox ® V*)
[k X ~
H(L, Sf) «=— H(L, p*Sgy) «—— H(L,OL @ V*) «==V*
o e / (2.10)
HY(FX, Sjy) «+~— HY(FX, Opx ® V*)
T2 T2
HY(G, S) +——=— HYG,O¢ ® V*)

It is known that G < P(A?V) is non-degenerate 2 and linearly normal. > We will
prove that also the Fano surface is non-degenerate and linearly normal, or equivalently,

that the remaining maps in the following diagram are isomorphisms:

NV ——= 5 APHY(G,SE) —=— AN*H(FX, Siy)

{ zy y 2.11)

HO(IP(\? V), Spipayy) —— HY(G, detS;) —— HY(FX, det S;iy)

A hyperplane section of FX C P(A?V) is given by the vanishing of a section in
H’(FX, det Sy) coming from an alternating form 0 # a € A?V*. The lines in a hy-

perplane Z(«) containing a point v € PV are

(PW € FXN Z(x) |5 € PW} = {]PWEFX

oePW } - {JPW € FX

a(v,e)|w=0

veEPW
IPWCP@} ’

where P,; = Pker(a(v,e)) is the so-called polar subspace. Since & # 0, the radical
Ky = ker(v € V — «a(v,e) € V*) C V is of codimension > 1, so a generic point 0 €
PV \ IPK,, defines a 3-dimensional polar hyperplane P, which contains IPK, # @. Note

2A subvariety Y C P" is called non-degenerate if it is not contained in any hyperplane.

3An embedding Y < IP" is called linearly normal if for every rational projection PN --» P" from a higher
dimensional projective space, and every lift Y < PN which commutes with it, the image of Y in PN is already
contained in a hyperplane P" C PN.
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that, since « is alternating, K, C V is of even codimension 2 or 4, according to wether it
is decomposable as a A1 A Ay, and in this case K, = ker A1 NkerA; and the hyperplane
section is

FXNZ(w) = {Le FX)EC"EL} = {L € FX|LNPK, # 0},

because the plane PK, C P,, must intersect any line L C P, ,. Conversely, every plane

P C PV gives rise to such a hyperplane section.

Lemma 2.22 Forall L € FX\ (DyURy) and 0 # a € N> V* it holds
CL C Z(n) <= L C PK,.

Proof If L C PK,, then every L’ € Cf, crosses PK, and is thus in Z(«). For the converse,
we consider two cases. If PK, N L # @, then, by choosing homogeneous coordinates
L = (x1,x2) with x; € PK,, one checks that the polar hyperplanes Py ¢,x,+e,x, = Pax, = IP3
are constant along e1x1 + exx2 € L\ PK,. If PK,NL = @, then the polars along L all
contain the > 2-dimensional subspace (L,IPK,) C PV, and thus lie on a line in the dual
space PV*. Since L is of first type, by Lemma 2.13 the image of the Gauss map G(L) C PV*
does not lie on a line, so a generic embedded tangent space T, X, for x € L, is different
from P, . Moreover, a generic T, X is linearly spanned by the lines in X through x. So
there exist lines in Cj not contained in the polar of their intersection point with L, and

thus not contained in Z(«). O

Many of the following results were already known to Fano [Fan04]; we take the oppor-

tunitiy to present his proofs in a modern light.

Lemma 2.23 (Fano) Let L, L', L"” € FX \ (D, U Ry) be pairwise non-intersecting lines. Then,
for the projective linear spans of the curves Cr, Cps, Cpn in P(A* V) holds

dim(CL U CL/> =9, dlm<CL> =6, d1m(<CL> N <CL’>) =3, d1m(<CL> N <CL’> N <CL”>) =0.
Proof The linear span is alternatively given by the hyperplane intersection

Cy= () Zw) = (] Z(x) = N Z(MAA) =2Z(Uyp),
aENZV* aENZV* A,AEV*
CLCZ(w) LCPK, LCIP(ker A;Nker A;)

where U; = <{/\1 A Az ’ Lg,(Akléﬁ‘fX;er Az)}> - /\2 V* is a 3-dimensional subspace spanned
by the decomposable tensors whose radical contains L. This proves dim(C;) =9 —3 = 6.

Moreover, it holds <CL> N <CL’> = Z(UL D UL/), <CL> N <CL’> N <CLN> = Z(UL () uL’ b uL”)/
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and one checks that (U @ Up) N Up» = 0 because the lines are non-intersecting. So the

remaining equalities in the claim follow by linear algebra:

dim(llL N UL/) =0, dim(LIL b UL/) =6, dim(LIL b U b UL//) =0. O

Proposition 2.24 (Fano) FX < IP(A?V) is non-degenerate, and its degree is 45. The curves
Cr CIP(A?V) for L € EX\ (D2 U Ry) have degree 15. In particular, H*(P(A? V), S5 A2V)) —
H(FX, det Sty ) is injective.

Proof Non-degeneracy follows already from the first equality in Lemma 2.23, but one can
give a more direct argument: if FX is contained in a hyperplane Z(«), then a generic
tangent space T,X (which is spanned by the lines in X through x) equals to the polar
hyperplane P, , and thus contains IPK, # @, which is not the case because the image of
the Gauss map X* C IPV* is itself non-degenerate (here one uses the reflexivity theorem
[EH16, 10.21]).

For the degrees, it is convenient to choose hyperplanes cut out by decomposable ten-
sors. For two generic planes P;, P, C PV whose intersection is a line P; N P,, the cubic
surface X N (P;, P,) is smooth and X N P; N P, consists of 3 distinct points not lying on
any line of X N (P, P») and with 6 distinct lines in X through each. Taking decomposable
tensors a1, x; whose radical planes Py, P, are as above, it holds

LNP,#D

. LNP#O
EXnN Z(“L“Z) - {L € FX ‘ . } {L € FX or LNPNP,#0

either LCXN(Py,P) }

There are 27 lines in X N (P, P») and 3 - 6 lines intersecting X N P; N P,, thus 45 in total.
For planes P;, P, as above, and such that XN P; = LU L' UL" are 3 distinct lines not in
D> UR», we have

FXN Z(Dcl,az) = (CL N Z(Déz)) U(Cprn Z(DQ)) U <CL” N Z(le)).
By symmetry, it follows that each hyperplane section C; N Z(«3) has = 15 lines. U

Proposition 2.25 (Fano) FX < P(A? V) is linearly normal. , and thus H*(P(A\? V), S%
H(FX, det Sty ) is surjective.

/\ZV)> —

Proof Let 71 : PN -—» P(A? V) be a rational projection from a higher dimensional projec-

tive space and FX C PN a surface, such that 77 restricts to an isomorphism FX & FX. For
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every L € FX\ (D, UR3), denote CVL C FX the preimage of C;. Then, since every line in

X intersects at least one line not in D, U Ry, we have

FX = U C. S ((CL)rgpyum,) C PN
LEFX\(DQURz)

Since the projection is linear, it restricts to surjections (C;) — (Cr). However, the smooth
curves C; C PN of degree 15 and genus 11 satisfy dim(CL) < 6 by general curve theory;
the maximal genus of a non-degenerate degree 15 curve in IP” is 10, by Castelnuovo’s

bound [ACGHSS5, I11.2]. So for any other curves C;/, C;» we obtain isomorphisms

(CyN(CHN(CH < (Cyn(C) < (Co)
32 12 e
(Ccyn(cyn(cyy c (Cyn(c) c (Ci)

Thus, the curves Cr,Cps of any two non-intersecting L, L’ span together a IP? inside of

which lies every other curve E\Lj, and thus the whole FX. O

With the following result we improve upon the know fact that the Grassmannian is the

intersection of all the quadrics containing it:

Gy (V) = N Q CIP(A%V).
QCP(A? V) quadric
Grz(V)QQ

Lemma 2.26 (Fano) Every quadric Q C P(A\? V) containing FX also contains Grp(V).

Proof First we show that Q D FX contains every line L C PV triply tangent to X at a
generic x € X, meaning that x € LN X is of multiplicity 3. Denote Cy C Gry(V) the
subvariety of lines passing through x € X and contained in T,X. Then, the elements of
Cx N Q span set-theoretically either the whole embedded tangent hyperplane T, X or a
quadric cone therein which contains every line in X through x by assumption. On the
other hand, the lines triply tangent to X at x form a quadric cone K, C T,X, which in
particular contains every line in X through x. Since through a generic x there pass > 5
distinct lines in X, the cone K, C T,X is uniquely determined by these lines and must
therefore be contained in the cone spanned by the elements of C, N Q. So C, N Q also

contains all triple tangents at such a generic x.
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Let now P C PV be a generic plane such that the cubic curve X N P is smooth. A line
L C P is triply tangent to X at x € LN X if and only if L = Ty(X N P) is the embedded

tangent line at an inflection point x. The Gauss map

x—Z(deF(x))

ot oA P C Gr(V)
) J
xhp TP (XA P)*

is ramified precisely at the inflection points, so the triply tangent lines are singular points
of the dual curve (X N P)*. However, a smooth cubic curve has precisely 9 inflection points,
soif QN P* C P* C Gry(V) were a conic containing all of them (and each with multiplicity

> 2 because they are singular points), then their intersection product
Q- (XNP)*>2-9>2-6=degQ-deg(XNP)

would contradict Bézout’s theorem. So Q must contain all of P*, and since P was generic
also all of Grp(V). O

The fact that Grp (V) C P(A? V) is the intersection of all quadrics containing FX makes
it in some sense canonical and places severe restrictions on what vector bundles can induce

an equivalent Pliicker embedding.

Theorem 2.27 Let F be a rank 2 vector bundle on FX, such that F* is globally generated, *
h(EX, F*) = 5 and there is a vector bundle isomorphism f : det F* = det Six. Then, there is
a vector bundle isomorphism g : F* = Siy such that g A g = f.

Proof We follow [Tyu70]. First we show that the alternating product
A*HY(EX, F*) — H°(FX, det F*) (2.12)

is an isomorphism. Consider the projectivization 7t : PF — F and its relative tautological
bundle Spr < 7*F, so that H*(F*) = H(S;») and the dual S;; » is globally generated.
The induced morphism ¢ _ sends the fibers 77! (L) over L € FX to lines, so there is an in-
duced morphism ¢ - to the Grassmannian, see diagram (2.13). This morphism commutes
with the Pliicker embedding Grp (H?(F*)*) — P(A? H°(F*)*), the rational map r induced
by the dual of (2.12), and the induced morphism @4t 7+. The fact that f is an isomorphism
of bundles means that @4 - commutes with the pullback f* : H'(det S, ) = H"(det F*)

%A vector bundle F is called globally generated if each fiber F|, is generated by global sections.
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and @get s, » which is none other than the Pliicker embdedding FX C Gr (V) c P(A*V).
Let H C P(H"(det F*)*) be a maximal linear subspace such that r restricts to an embed-
ding 7 : H < P(A*H(F*)*), and let C be a center for the projection r with respect to H.

We want to show that C is empty, meaning that r is an isomorphism.

Psp F

PF

P(H(Sp7)") —— P(H(F*)")

i 05y, (1 (L))

EX G (H(Sp7)*) —=— Gro(H(F*)*)
L (2.13)
P(A*H(F*)*)
Gry(V) « P(H’(det Siiy)*) «+—— P(H(detF*)*) C H

Then, if we denote F' and F” the images of FX in P(H’(det F*)*) and P(A*H(F*)*)
respectively, set-theoretically it holds

VQ CP(A*HY(F*)*): F' € Q = F CK(C,7(Q)),

where K(C,771(Q)) = Uger1(0)(C,q) is the cone over 7 1(Q) with center C. In partic-
ular, for every quadric Q C P(A?H(F*)*) containing Grp(H’(F*)*), the quadric cone
K(C,771(Q)) contains F' and thus the whole Gr,(V) by Lemma 2.26.

If dim C > 1, we could have chosen C generic such that there do not exist any quadrics
at all in IP(A? V) which contain Gr,(V) and contain C in their cone, so this case does not

occur and codim H < 1. The function

) Q- K(CF1(Q)) .

21710 5\ % Q quadric 2 Q quadric
[Qe PN E(F)) | g, 0t o} ———= {QcP(n2y)| 23wl 1y
is linear, by viewing quadrics as points in the symmetric power P(S*(A?H’(F*))) of
the dual projective spaces. It is also injective, because if 7 1(Q) = 77 1(Q’), then the
polynomials defining Q and Q' have a reducible linear combination vanishing on H, and

thus cannot contain Gro (H(F*)*). By assumption, each pair
HY(F*), H(det Sgx),  Gra(H(F*)),Gra(V),  P(A*H(F*)*),P(A*V)

has the same dimension, so also do the subspaces of quadrics containing Grassmannians,
making the function (2.14) necessarily surjective. However, there is no fixed point C # @

which is contained in the cone of every quadric containing Gr,(V), so C must be empty.
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Analogously to F, the relative tautological bundle Sy — p*Sgx induces a diagram
(2.13) for I = PSgx. The isomorphism (f*)* descends to the Grassmannians as in dia-
gram (2.15) because they are canonically defined as the intersection of all quadrics that
contain FX. In turn, this lifts to an isomorphism P(H°(F*)*) = P(H"(Siy)*) because
a 1-dimensional subspace is canonically defined as the intersection of all 2-dimensional
subspaces containing it. Finally, since this last isomorphism restricts to an isomorphism
between each fiber of the projective bundles P/ and PSgy, it lifts to an isomorphism of

vector bundles F = Sgx.

*

PF % pHY(SE,)Y) s P(H(F))

5 0y T —
L = PSkx P(H(S;)*) —— P(H(Six)")
(2.15)
Gro(HY(F*)*) — P(H"(detSp 7)) )
— =
e Gra (H'(Sfx)*) — P(H(det Siy)*)

Lemma 2.28 The Pliicker embedding 1 : FX < G < P(A\? V) is canonical, meaning that

Proof The tautological sequence Sg — Og ® V — Qg on G shows det S¢, = det Q¢, and

it is known that 7¢ = S§ ® Qg. So we compute
wg = det TE = det(Sg ® QF) = (det Sg)®* @ (det QF)®® = (det Sg)*°.

Since the closed subvariety FX < G is cut out by a global section of Og(3), we obtain by

the adjunction formula
WEx = (CUG ® det(OG(3)))|Fx = ‘UG|FX ® (det Sé)®6h:x = (detSé)]FX = det S;X U

We will see in Theorem 4.11 that the cotangent bundle 7 is globally generated and
has 5-dimensional global sections, so by Theorem 2.27 it will follow that it is isomorphic
to the tautological bundle Sfy. It is also possible to prove these facts directly, as in [CG72,
§12] through intricate analytical arguments, or in [Tyu70] by bounding the x, genus of FX.
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2.6 Picard variety of the Fano surface

The Pliicker embedding ¢ : FX < Gr(2,V) = P(A?V) induces on the Fano surface the

integral Kahler form
§ = 1"c1(Sp(pay)) = ci(detSpx) = 1(Sex) € H?*(FX,Z),

which we will also refer to as the Pliicker polarization. The Chern classes of Sgx satisfy by

construction
a1 (Sp)?*+c1(S)) — pc1(Skx) + p* 2(Sex) = 0 € HY(IL, Z),

and the polarizing class c;(S; ) restricts to a positive generator of H*(IL|, Z) on each fiber

over L € FX. Thus, evaluation along the fibers p. satisfies the projection formula
o — (St :/ (P — c1(Sf :/ a, forall x € H*(FX,2Z).
Jra—as=[ pra—as)= [ (FX, )
Moreover, by the Leray-Hirsch theorem, the pullback p* makes
H*(L,Z) = p"H"(FX,Z) & (c1(S) — p"H*(FX, Z))
a free H*(FX, Z)-module.

Lemma 2.29 Let L € FX \ (D2 URy) and [P?] € H*(X,Z) the fundamental class of a plane
P2 C PV. Then it holds
g = p«q*[P?] = 3[C;] € H*(FX, Z).

Proof For the first equality, use that [P?] = c1(Sy)? is the square of the hyperplane class.
With Sy, = q*Sx, § = c1(Sfx) and the projection formula for p, we compute

p=q* c1(8%)* = prc1(Si)? = pu (—a1(Si) — p* a1(Sex) — 2(Sex)) = — 1(Spx) = &

For the second equality, since the class does not depend on the choice of plane, we can
assume that P> N X = L; U L, U L3 for three (potentially equal) lines. Since the class of a

line is also indipendent by Remark 2.19, we obtain
[IP?] = [L1] + [Lo] + [Ls] = 3[L] = puq*[P?] = 3p.q"[L] = 3[CL]. 0
On H'(FX, C) there is the Hermitian form
Hix : (a,B)— Zi/an/\B/\g'
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which is non-degenerate when restricted to the right half of the Hodge diamond, and
whose imaginary part is integer-valued on the lattice p H!(FX,Z). As we have seen in
Example 1.6, the Hermitian form —%%, induces a positive polarization on the Picard

variety Pic’ FX = ]1/15(, making it an Abelian variety.

Proposition 2.30 Pulling back by q and integrating along the fibers of p induces a monomorphism
peq” s HA(X) — HY(FX)

which pulls back the Hermitian form —Hiy to 6 - Hx.

Proof The relevant homomorphisms in integral cohomology are

H3 (L, Z) «—" - H3X,Z)

/ Tp@PVCl S]L

H'(FX,Z) «— H3(FX,Z) ® H (FX, Z)
Take &, p € H¥(X,Z) and &, B € H3(FX, Z) such that
ga=pa+a(Sy) = p'pga, ¢p=pp+alSi) = ppap.
Since every cohomology class in H*(X, Z) is primitive, it holds
(i) —gra=q"(a(Sx) —a) =0, alS) —qp=q(a(Sx) — p) =0
Thus, using p*& — p*B = p*(& — B) = 0, it holds also
ga—q'p=q"n—p'B=a(S) = p(pg'a —p),

ga—qp=qa—pp=c(SL) — p (@&~ p.qp)
Naively distributing and applying equations (2.16) we get

(2.16)

ga— q"B=ci1(Sf) — p* (@ — puq B+ puq a — B) +c1(Sf)? — p*paq*(a — P)
=2q"a — q*B+c1(Sf)* — p*p.q(a — B),
which we can use to compute
6/vcv[>’ /q (a — B) = /cl(Sﬂzvp*P*v/*(wvﬁ)
/]L(—Cl(Si) — p"c1(Spx) — p*ca(Skx)) — pp«q” (2 — B)

= FXCl(SFX)VP* 7" (a — B) = / p«q e — psq B —g,
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where we have used that ¢ (Spx) = — ¢1(Sfx) = —g. We conclude

6 SMx(p 0,0 B) = — SHix(p p«q"a,p pq°B),

and since Hx is uniquely determined by the values of its imaginary part on the complete
lattice p H3(X, Z), we have verified that —H{ pulls back to 6Hx. The resulting homomor-

phism p.q* is injective because 6 x is non-degenerate. U

Lemma 2.31 Let L € FX\ (D2 U Ry). Then, the restriction i : H*'(FX) — HY(Cp) is
injective and it pulls back the Hermitian form Hc, to Hiy

Proof The pull-back of Hermitian forms follows from Lemma 2.29, whereas the injectivity

from the non-degeneracy of Hly. O

Now we consider the algebraically trivial Chow groups of the algebraic varieties in
diagram (2.8). Morphisms push forward and pull back to group homomorphisms. Since
the projections @, p and ¢ : Bly X — P(V/W) are flat, the Hilbert polynomial of their
fibers being constant 2, z 4 1, and 2z + 1 respectively, their intersection-theoretic pullback

is well-defined. Note also that CHi(IP(V/W)) alg = 0 by definition of algebraic equivalence.

CHi (Bl X)aig ”
g \LT* \
CH, (]L)alg - CH, (X)alg CHO(]P(V/W))alg =20

Pl 7

CHo(FX)alg <L CHO(CL)alg L CHO(DL)alg

(2.17)
Lemma 2.32 The composition q. p* 11« ¢* in the following diagram is trivial:
H, (D, Z) H,(C.,Z) —~ H,(FX,Z) Hi(IL, Z) —— Hs(X, Z)
I . I 1% X 12 1%
HY(Dy,z) —— HY(C., Z) H3(FX,Z) —"— H(L,Z) H3 (X, Z),

where the vertical isomorphisms are Poincaré duality.

Proof The domain and codomain (and actually every group in question) are free of finite

rank, so it is enough to prove the claim for the induced complex tori, which are precisely
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the intermediate Jacobians. The diagram of Chow groups (2.17) maps functorially to the

diagram of intermediate Jacobians by the generalized Abel-Jacobi map:

CHo(Dy)ayg s CHy(Cp)ag —2 CHo (FX)ag L CH1(L)ayg L CH;1(X)ayg

alg
), |2 g, |2 Doyl o1l I
I'D, e, — 1t 5 J'EX PL — T . Px
I I 112 IR 12
I'p, — % L Jiq PEX — 7 L, PL PX.

The total composition g, p* 11, " of the top row vanishes, since it factors through a trivial
group in (2.17). Since the Abel-Jacobi maps of divisors on curves are isomorphisms, also

the zig zag composition J' D; — J® X vanishes. U

Corollary 2.33 The composition @, i} in the following diagram is trivial:

HY(Dy,Z) HY(C.,Z) P H(FX,Z) H3(L,Z) P - H3(X,Z)
I _ I 1% I 1%
Hl(DL,Z) <L Hl(CL,Z) H3(FX,Z) <L Hg(IL,Z) H3(X,Z),

where the vertical isomorphisms are Poincaré duality.

Proof The diagram in question is obtained from the one in Lemma 2.32 by taking the
algebraic duals of every group and identifying Hy(X,Z)* = H¥(X,Z). Thus, the total
composition @, i} ps« q* is trivial. Noting that p, g* is an isomorphism in complex coeffients,
which we proved in Proposition 2.30 by interpreting p. as integration along the fibers, the

claim follows. U

Corollary 2.33 shows that the image of the restriction /] is contained in the Poincaré
dual of the kernel of @,. We will describe this kernel in Section 3.1 using the involution
o:CL = Cy induced by the étale double cover C;, — Dy, which sends a line L' € Cy, to its
residual in (L, L") N X C PP.

Corollary 2.34 It holds

/ x— B —g€6Z, forala pcH (FX, Z),
FX

making —%’H};X a polarization on the complex torus Pic’ FX.



2.6. Picard variety of the Fano surface

Proof It will suffice to anticipate from the next chapter that the Poincaré dual of ker ¢, C
H;(Cr,Z) is im(id —¢*) C H(C,Z), see the exact sequence (3.2). Thus we can write
&lc, =& — 0%, Blc, = p— "B for &, p € H'(C, Z). So from Lemma 2.31 we know that

fo—p—g=3[ oo —plo=3(2f B2 &-cF) co

Theorem 2.35 (Clemens-Griffiths) There is an isomorphism of Abelian varieties
(P X, #x) 21 (Pico FX, —éH}JX> ,

Proof By Proposition 2.30 and Lemma 2.31 we have monomorphisms
H“2(X) LT (FX) A H(Cp).

By Corollary 2.33, the image of ¢} is contained in a subspace of dimension g(Cy) — g(Dyr) =
5, because ¢, : H1(Cr,R) — H; (D, R) is surjective. In integral cohomology, it follows that
p«q* : H3(X,Z) — H(FX,Z) has finite cokernel. Since p.q* pulls back the alternating
form —SH}Ey to SHx, which is unimodular, p.q* can only be an isomorphism of lattices,

and thus of complex tori. O
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Chapter 3

Prym Varieties and their Theta Divisors

In this chapter, we present Mumford'’s theory of Prym varieties [Mum74]. They are Abelian
varieties constructed in terms of double covers of curves, and whose geometry is thus
accessible in terms of curve theory. We also follow closely [BL04, 12].

Consider an étale double cover f : C — D of smooth, irreducible, projective curves. Let
g be the genus of D, and thus 2¢ — 1 necessarily the genus of C by the Riemann-Hurwitz

theorem. Assume moreover g > 2.

3.1 Cohomology of a double cover

Denote ¢ : C = C the involution over D induced by f. The involutions ¢, and ¢* in
(co)homology with field coefficients induce eigenspaces decompositions with respect to

the eigenvalues +1, and come equipped with natural splittings:

Hi(C,R) == Hy(C,R)" @Hy(C,R)”, 7y~ (T2, 15,
I I I (3.1)
H!(C,R) =—— H'(C,R)* ®H(C,R)", w s (LILw, w=g'w)

These decompositions are moreover respected by Poincaré duality, because the dual of
an inclusion of an eigenspace is the splitting projection onto its dual. In particular, the
eigenspaces in integral coefficients Hy(C, Z)* := H;(C,Z) N H;(C,R)* are Poincaré dual
to H(C,z)* :=H'(C,Z)nH'(C,R)*.

Lemma 3.1 There exist symplectic bases with respect to the intersection products

<7\1,ﬁ1,(Xf,xf,ﬁf,ﬁi_)zgigﬁ =Hi(C,2), ((Ai,pi)i<i<q) = Hi(D,Z),
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such that (Xli . ﬁ]i) = (51']', (A - ‘u]') = 51']‘, (7*7\1 = 7\1, Okl = 1, U*Xli = 7\?, (T*ﬁli = }NlljF/

fll =201, fi =1, fAS = fAT = Ay, fudi = full = i

Proof We refer to [BL04, 12.4], where the generators }N\Zi, jii" are constructed from A;, y; by

representing the Riemann surface C topologically as two glued copies of D. U

Corollary 3.2 For a symplectic basis as in Lemma 3.1, the eigenspace decomposition (3.1) in inte-

gral homology is
By (C,2) = (A, iy, (AT + A7 i + 7 Daicg), Fa(C,2)"=((Af = AT B — iy )2<i<g)s
and there are exact sequences

(Z2/27)%%872 «—— Hy(C,Z) +—— Hy(C,Z)" ®H;(C,Z)~
1 1 [%
(2/27)%%7%2 «+— HY(C,Z) +——— HY(C,Z2)" ®H'(C,Z)",

where the cokernels are generated by the images of (7\1*, I )o<i<g-

By definition H; (C, Z)* = ker(id Fo,) and im f, C Hy(D,Z) = 71 (D) is the subgroup
of cycles that induce trivial monodromy. Using a symplectic basis as in Lemma 3.1 we also
see im(id —c.) = (A — A7, i — fI; )a<i<g) = Hi(C,Z)~ = ker f.. So there is an exact
sequence

id —0, f monodromy
H,(C,Z2)" — Hy(C,Z) — Hy(C,Z) —— Hi(D,Z) ——— Z/2Z. (3.2)
By Poincaré duality, it also holds im(id —¢*) = im(id —c)* = H(C,Z)~ = ker(id +0c*),
so there is an exact sequence

id 4+0*
%

7/27Z «—— HY(C,Z)* H(C,Z) +9-7 H!(C,Z), (3.3)

where the 2-torsion generator of coker(id +¢*) is the Poincaré dual of A;. Note that
ker(id —c*) D f *H1 (D, Z) is strictly larger, because the dual of A4 is pulled back to twice
the dual of A;.

Applying the Hodge projection to (3.1) we get similar decompositions with respect to

the involutions (¢*)* and o*

HY0(C)" = (H'(C)")* & (HY(C)")"
T P-ne 4 4
H(C) =———= H"(C)* o H"}(C)".
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3.2 The Prym variety of a double cover

Definition 3.3 The Prym variety of the double cover f : C — D is the complex subtorus
P(C/D) := H*(C)~ /pH!(C,Z)~ C JC.

We denote P(C/ D) its dual complex torus in the sense of Definition A.5.
To describe P(C/D) we look at the dual of the inclusion ¢ : H*!(C)~ — H!, which

induces a restriction isomorphism

Homg(H"!(X)~,€) «~t— (HY(C)*)” —— H"(C)*

pH1(C,Z)” —— pH;(C,2Z2).
Passing to complex tori, we obtain a commutative diagram

— _id—0c

P(C/D) =——— H"'(C)~/pH!(C,Z)” — 2 JC

zy’—wc zlflu{c

pone  (HW(C)")/oHi(C,Z)~ «— ]C. (34)

[

~)

P(C/D)

Proposition 3.4 The Hermitian form — %’Hc restricts to a positive-definite, principal polarization

—

on P(C/D), making it and its dual Abelian varieties. !
Proof By (3.3) it holds H'(C,Z)~ = im(id —¢*), so we compute
/(Dé—U*Dé) — (B—0"B) :2/ (xvﬁ—Z/ w—0*B €27, foralla,pcH(CZ),
o o o

where we have used that ¢* preserves the cup product pairing. With the basis elements
AF /N\i_, im — i, € Hi(C,Z)~ from Lemma 3.1 we verify that the halved cup product

; —

pairing is unimodular, so the polarization defined by —3 % is principal. O
Corollary 3.5 The restriction T induces an exact sequence
(2/2Z)%872 —— (HY(C)*)~/pHi(C,Z)~ — P(C/D)

and an isomorphism T: (HY°(C)*)~/1pH;(C,2)~ — P(C/D).

—

Proposition 3.4 means that (P(C/D), —1%Hc) is a Prym-Tyurin variety for C in the sense of [BL04, 12.2].
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As a consequence, the splitting projection w with values in P(C/D) is well de-
fined, and is precisely the restriction 7. It relates to the dualizing isomorphism P19

through the commutative diagram

P(C/D) =——— HY(C)~ /pH!(C,Z)~ « 97 j¢C
zlsbfnc Zlfl’—?-tc
¢ 1. L0 y+)— _ (") (3.5)
(9 gene  (HM(C))/pHi(C,Z)- <1 gcC.

P(C/D)
Dually, the map /' := id —c* = id —(0*)* realizes P(C/D) as the complex subtorus
(H'Y(C)*)~/pH1(C,Z)~ C JC through the commutative diagram

— o

P(C/D) =—— H"(C) /pH'(C,Z)” —— ]JC

P dene (HY(O))/pH(CZ)” 3 JC. (36)

P(C/D)

Remark 3.6 Corollary 3.5 shows the equality

%le(C,Z)‘ = {L € Homg(H"'(C)~,C) |Va € H'(C,Z)™ : 2RL(p&) € Z},

where the right-hand side is by definition the lattice of the dual torus P(C/D). Indeed,
for all v — o,y € im(id —0y) = Hy(C,Z)", the functional ( [,-c.; ®) is in the dual lattice
2

because
1
/ -0 =< (2/ o —2/ a*oc) €7, foralla—c*a €im(id—c*) =H(C,Z)".
Tt 2 7 7

Moreover, if L is in the dual lattice, then 2RL(px) = 0 for all « € H'(C,Z)*, and by
writing L = (f7 e) for some v € Hy(C,R)~ it holds

va € H'(C,Z)* @ H'(C,Z)" : /

oc:28%/p7462.
4 0

By Corollary 3.2 it follows that 2y € Hy(C,Z)~ and L € 1pH;(C,Z)".
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—_—
1%

Abbreviate by © and Z the principal polarizations —#¢ on JC and — 3"HconP(C/D).
Let us show how the results above fit into the correspondence between Abelian subvari-
eties and symmetric idempotents, which draws on the interplay between the dualizing
maps ¢g on JC and ¢$re on P(/C/\D) It holds ¢z '¢-@ = 2 - id. This can be seen as saying
that the inverse ¢! is the unique isogeny P(C/D) —» (/C/\D) such that ¢z'¢e is mul-
tiplication by exp(ker(¢,+@)), the exponent of the finite group ker(¢g) = (Z/2Z)%282.
The norm endomorphism of the Abelian subvariety P(/C—/\D) c JC with respect to @ is then

defined as the composition

N ¢ % 1c L p(c/D) s P(C/D) S e

By double duality and the identities po = Po, 475\1 = ¢!, it holds

=
jlal

NoN =exp(ker(pro))N,  ¢g' Noo = ¢g' ¢o ¢ 475\1 Tpo= 19z Tpo =N, (3.7)

Viewing N as an element of the endomorphism algebra Endg (]/a) = End(]/a) ® Q, the
scalar multiple 1N is idempotent and symmetric with respect to the Rosati involution f
cpélj?gb@ on Endg (JC). The correspondence between symmetric idempotents and Abelian
subvarieties [BL04, 5.3] then says that N is the unique endomorphism such that (3.7) holds

and im(N) = P(C/D). Indeed, from diagram (3.5) we see that N = id —c*, which satisfies

(id —o*) o (id —c*) = 2(id —0*), ¢g'(id —0) o = g (id —(¢*)*) po = (id —c)

—_—

and im(id —¢*) = P(C/D).
Analogously, the norm endomorphism of the Abelian subvariety P(C/D) < JC with

respect to the dual polarization of © is the composition
1 > — - ,
N jc el P(C/D) & p(c/D) S ]C,

which, again by diagram (3.5), is equal to id —(c*)*.
Lemma 3.7 The Prym variety P(C/D) is a subgroup of index 2 in ker f,.
Proof On the level of vector spaces it holds ker(id —c*) = H*!(C)* = im f*, so also after
passing to complex tori. Moreover, ker ( fre JD — ]/(\Z> = (%) & Z/27Z, so The diagram
of groups on the left-hand side of (3.8) has exact sequences.

Taking dual complex tori, we obtain the diagram on the right-hand side. The horizontal

row then stays exact at ] C, because its dual was an exact sequence of complex tori. More-

over, recall that // is the dual of id —¢*, and f. is the dual of f*. There is an induced map
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ker f, — Z/27Z, which is surjective by the five lemma, and whose kernel is isomorphic to

the kernel of JC — i@.

P(C/D) <97 JC «— im f* ker f. —» Z/2Z
7 1 | [
JD —— JD P(C/D) <5 JC — im f* (38)
) ) F7 L !
z/22  7/2Z JD ——JD
O

3.3 Singularities of the theta divisor

We want to study the geometry of a theta divisor for P(/C/\D) in terms of Brill-Noether
theory. To do this, we start to make use of the moduli interpretation of the Jacobian as
the Picard group of line bundles of degree 0. The pushforward f, of divisors induces
the norm map Ny : PicC — PicD on line bundles, which in degree 0 simply extends the

pushforward on Jacobians: 2

N
Pic®C — 5 Pic®D

i |

P(C/D) —— JC D (3.9)
zl‘fl%mc ZPLHC 2| 9-mp
P(C/D) —“—~JC —L 5 |D

Proposition 3.8 The decomposition of ker Ny C Pic’ C in connected components is

{Foc*F 1| F €PicC,deg F =0mod 2} U{F®c*F | F € PicC, deg F = 1 mod 2},

—

where the first is the Prym variety P(C/D) C ker Ny and the second is its unique coset.

Proof Observe that the first set is a subgroup, and the second is a coset of it. For
disjointness, let F,& € PicC with F ® oc*F -1 >~ & 0*€1, which is equivalent to

2We emphasize not to confuse the norm map N ¢ with the pushforward of line bundles £ € PicC
det f. L € Pic D. For every divisor E € CH(C), they are related by det f«(Oc(E)) =2 Op(f+E) ® det f.O¢ €
PicD.
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(F®E = o*(F®EN). Then, there exists an M € Pic D such that F ® £71 = f* M,
which has deg f*M = 2deg M. So deg F and deg & must have the same parity.

We have already seen in (3.5) that P(/C/\D) C ker Ny is the image of the map F €
Pic’C — F®@oc*F~! € Pic’ C, so it is contained in the first set of the decomposition. By
Lemma 3.7, the index of P(f/\D) C ker Ny is 2, so it has a unique other coset. Then, the
Prym variety must already be the whole first set. Moreover, the image of J C under id —c*

and the translate of it by a group element are connected. 4

Let us recall Riemann’s theorem on the divisor ® C J D of the classical theta function,
which is a section of the characteristic 0 line bundle with polarizing class —Hp; we refer

to [BLO4, 11.2] for a robust treatment. For every x € Pic® ™! D there is an isomorphism

L— LRk
=

ae : Pics™'D = Pic’D ~JD.

In modern terminology, Riemann’s theorem states that there exists a x € Pic®" ' D such
that
We_1(D) = {L €Pic*"'D|h’(£) >0} = {L @K |L € O} = 2, ' (O).

Then, by Riemann-Roch and Serre duality, ® C Pic’ D is invariant under the involution
L+ L7'®x 2 ® wp. Since the classical theta function is even, meaning symmetric with
respect multiplication by —1, ® is also invariant under £ — £~!. Combining the two
involutions, we obtain that ® is invariant under translation by k2 ® wp. Since O defines a
principal polarization, the dualizing map ¢g is an isomorphism; it is described in diagram
(3.10), making use of the moduli interpretation of the dual Abelian variety of ]/D, ie. JD,

as the Picard group of JD. Thus, the translation invariance t © = O implies x? = wp.

72®wD

()

JD = JD

lz lz (3.10)

L 0(F0)0(0)1 o~
picd p £ OUOIBOO) . pi 07

~

Line bundles x € Pic$~! D with x> = wp are called theta characteristics, and by choosing

any one of them, the map &, induces an isomorphism
{(x ePIEID| > 2 wp} —=— {n € Pic® D |n*> = Op} = (Z/27)%.

Again since the classical theta function is even, the multiplicity of ® at Op must be even.

By Riemann’s theorem on the singularities of ©, it holds

h%(x) = mult, W, _1(D) = multp, ® =0 mod 2.
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More generally, the subset of all theta characteristics x such that h’(x) = 0 mod 2 can be
determined to have size 2871(2¢ + 1). This is done by computing the dimension of the
eigenspace of all theta functions with respect to the involution 6(e) — 6(—e); see [BL04,
4.7.7].

Lemma 3.9 There exists a theta characteristic k' on D such that the theta characteristic f*x" on C
satisfies h’(f*x’) = 0 mod 2.

Proof The étale double cover f induces a 2-torsion element 7 € Pic’ D such that f, f*£ =
L® L®7y, for all £ € Pic’ D; see for example [Har77, Ex. I1.2.7]. So we want to enforce

(%) = h(fuf*x") = h°(«) + h’(x’ ® ) =0 mod 2. (3.11)

Tensoring by # induces an involution on the set of theta characteristics. So the amount
28-1(28 + 1) of theta characteristics ¥’ with h’(x’) = 0 mod 2 equals to the one of theta
characteristics with h’(’ ® 77) = 0 mod 2. Since in total there are 228 < 2-2871(28 +1)
theta characteristics, there exists at least one which enforces (3.11). U

Let x’ and k := f*«’ be theta characteristics with h’(x) = 0 mod 2 for the rest of this

section.
Proposition 3.10 The decomposition into connected components of Proposition 3.8 is
ker N¢ = { L € ker Ny | hW(L®x)=0 mod 2} U{L € ker Ny | h’(£L ®x) =1 mod 2}.

Proof Step I: The function £ € ker Ny — h’(£ ® k) mod 2 is constant on connected
components. The proof relies on a theorem of Mumford on families of vector bundles
with a quadratic form. A theta characteristic «” enables one to construct a non-degenerate
quadratic form on the vector bundles f.(£ ® x) with values in wp, varying in a family
of all £ € ker Ny over D. Mumford’s theorem [Mum?71] then implies that h(f. (£ ®«))
mod 2 is constant on connected components. For the details we refer to [BL04, 12.6].

Step II: The trivial bundle lies in the first component of Proposition 3.8 and satisfies
h’(Oc ® k) = 0mod 2, so this holds on the whole component.

Step III: It remains to establish the existence of an £ € ker Ny with W(Lox) =1
mod 2, which then holds on the whole second component. First, we make sure there is an
L € ker Ny with h’(£ ® ) > 0. The norm map is surjective, so we can take an £ € Pic C
with N¢€ = wp. Then, we have h°(&) > hO(NfE) =g >0,and £ @« ! € ker Ny because

Nf(g ®K_1) S wp® fo*K/_l S wp® K% Op.
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Now we show that for every £ € ker Ny with h’(L ®«x) > 0, there exists a p € C such that
h(L(p—op)@x)=h" (LK) -1,

so line bundles of both parities must exist in ker Ny. Since it also holds (L) =
h'(£'®«x) = h’(L ® k) > 0 by Riemann-Roch, we have non-empty linear systems |£ ®
x|, |£7! @ x|. So we can choose p outside the base locus of |£~! ® x|, and such that op is
outside the base locus of |£ ® x|. In particular, op is outside the base locus of |L(p) ® k|,

and it follows

R(L(p—op)@x) =h’(L(p)@x) ~1=h" (L (-p)@x) =h"(L ' ®x) -1 O

—

By Proposition 3.4, for any theta divisor Z for (P(C/D), —1Hc) there is an equality
1*[®] = 2[E] of cohomology classes. The next result shows that & can be chosen so that its
geometry as an actual subscheme of P(C/D) is accessible in terms of a theta divisor for
JC.

Lemma 3.11 Consider the theta divisor © := a,(Wag_2(C)) for (JC, —Hc). The reduced part

of the pulled back divisor on P(C/D) satisfies 2(1*®)req = 1O, as subschemes. In particular,
(1"O)req is a theta divisor for (P(C/D) — 1H,).

Proof By Proposition 3.10, we have mult; ® = h’(L ® k) > 2 forall L € @ N P(/C/\D) So
it holds 2(1*®)eq < O as effective divisors. On the other hand, if E is any theta divisor for
P(C/D) defining the principal polarization, then *[®] = 2[E] implies that

JLEePICC: 0OO)®0(28) = 0(2t4E)® 028)7,

meaning that ® ~, 2t} E. Since t}.Z is also principal, (1*®),eq must be the unique effective
divisor in the linear system |t}.Z|. O

Consider from now on the theta divisors @ := ax(Wa2(C)) and & = (1*@)eq. We
denote by TC, © the tangent cone of © at L.

Corollary 3.12

sing & = {E € P(C/D) | mult, © > 4} L {,c € P(C/D) ] Tﬂfg/glj\g?;;@}

Proof By construction & C sing ®, and if 6 is a locally defining holomorphic function for
O at £ € &, then .
1 1
mult, E = 5 ord, 9\2 > 5 ord, 0 = 5 mult, ©.
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Inequality holds if and only if the lowest degree terms of 6 vanish when restricted to
P(/C/\D), which means precisely T, P(/C_/\D) CTC,O. O

A line bundle £ € singZE is called exceptional if mult; ® = 2. Using Kempf’s char-
acterization of the tangent cone at singularities of ®, we will now obtain a more explicit

description of exceptional singularities of Z in terms of line bundles on C and D.

Proposition 3.13

h(M)=hC(f* MON)=2,

)|, mae=z 1 _ [ .
{E €P(C/D) T;P(C/D)CTC, @) {f MeN o« M basepoint-free, M2QN;N = wp

MEePic D, NePicC, h’(N)>1, }

Proof Let £ € singE with mult; ® = h’(£ ® k) = 2. The tangent cone turns out to be
more naturally described in the covariant setting, treating the theta divisor as a subset
of JC. We need to consider the tangent space T,]JC = H°(wc)* as the affine scheme
Spec(S®* H(w¢)), where S®* H(w¢) is the ring of polynomial functions on H’(wc)* by
double duality. The closed subscheme T, P(C/D) is then the vanishing locus of the linear
subspace im(id +0*) C S* H’(wc). Since £ € ker Ny, we have

LRTL = f'NL=Oe, (LOK)®(TFLOK) = we, (3.12)
so we can fix vector space bases
HY (L®K) = (s1,8), H(L'@x)2H (0" LK) = (0751,0752) .

Kempf’s theorem [ACGHS85, IV.2] says that the closed subscheme TC;® C T,]C is the
vanishing locus of the polynomial det (s; ® 0*s;);; € S>H’(wc), where we treat the prod-
ucts s; ® 0*s; as sections in H%(wc) through (3.12). Then, T, P(C/D) factors through
TC, © as a closed subscheme if and only if det(s; ® (7*5]-)1-]- is contained in the ideal gener-

ated by im(id +c*).

T P(C/D) «— T,JC (im(id +0*)) —— S*H%(wc)
Q\\ {\\
. ] — . i
TCL (C) (det (Sl' ® O'*S]')l']')

We compute det(s; ® 0’*5]-)1-]- =351R0%S1 -5 Q0% — 51 R0%sy - 8 ® 0*s1, where s; ® 0*s;
are o*-invariant and thus contained in im(id +c*). Since (im(id 4+c*)) is a prime ideal,

letting t := 51 ® 0*sp, we deduce

det (s; ® 07sj);; € (im(id +0*)) <= t-o"t € (im(id +0")) <= t €im(id+o")

= t=0"t <= 51Q0"sy =$0"s1. (3.13)
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Denote B C C the base locus of |£ ® x|, and consider s3, s, as sections of £ ® x(—B). Then

(3.13) <= VpeC: [s1|p : s2lp] = [0%s1]p : ¥s2]p] = [s1lop : $2|0p] € P!
= PprpeCrs1]p : s2]p) € IP! is o-invariant <= ¢ factors through f. (3.14)

Moreover, the meromorphic function ¥ is the composition of the induced projective mor-

phism ¢ LoK(—B) with the evaluations on s1,55:

Prex(—B

P PHY(L @ K(—B))*

Zl [?:]

D oo Pl [Als1): A(s2)]

So if (3.14) holds, there is an M € Pic D with £ ® k(—B) = f* M, which then satisfies
2 <h%(Opi(1)) <hO(M) <h(L@x(-B)) =h’ (LK) = 2.

For the converse inclusion, one verifies that the above argument can be run backwards
using the induced projective morphism ¢y : C — PH(f*M)* = PH(f*M @ N)*,
which factors through f to gu : D — PHY(M)* = PH’(f*M)*, and whose global
sections thus satisfy (3.14). O



Chapter 4

Intermediate Jacobian of the Cubic
Threefold

Let X C PV be a smooth cubic threefold as in Chapter 2, and L = PW € FX \ (D, UR;) a
line of first type which does not intersect any line of second type. We will apply the theory
of Prym varieties to the étale double cover ¢ : C; — Dy, of Section 2.4. After proving that
the intermediate Jacobian ]3 X is isomorphic to the Prym variety P(CL/Dy), we will be

able to study its theta divisor in terms of curve theory of Cr, and Dj.

4.1 Line bundles on C; and Dy

We gather some results on linear systems of divisors on the curves Cr and Dr. Recall that
they are of genus 11 and 6 respectively, and they admit an étale double cover ¢ which fits

in the following localization of diagram (2.8):

Bl, X
NS
L— X P(V/W)

At all points x € L, the embedded tangent hyperplane T, X C PV contains every line
in X passing through x. The strict transform of T, X in Bl; X then maps to a line ¢(T,X) C
P(V /W), which intersects Dy in all points a whose corresponding plane t(¢~1(a)) C PV

contains a line in X passing through x and different from L. The lines through x different
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from L are g~ !(x) C Cr, which maps to ¢(g7(x)) = Dy N ¢(T,X). We consider for the

rest of this section the degree 5 divisors
T=q"{x}CcC, H:=DrN¢(MTX)=9,TCDy,
which can be assumed to be reduced by taking a generic x € L. In other words, it holds
NgOc, (T) =2 Ny Oc, (¢T) = Op,(H), ¢*Op,(H) = Oc,(T+0cT), TNoT =0.
The plane quintic Dy C IP(V /W) has canonical bundle wp, = Op, (2H), and so for

k' = Op,(H), «:=0c (T+0T)

2

it holds wp, = «2,wc, = k2. We will verify below that hO(K) is even, so the theta charac-

teristics k¥ and «’ are as in Lemma 3.9.

Lemma 4.1 Every line bundle £ € Pic Dy with deg L < 5 and h°(L) > 2 is isomorphic to
Op,(H—a+b) or Op,(H — a) for some a € H, b € Dy. In particular, Dy, is not trigonal.

Proof Write £ = Op, (E) for an effective divisor E. By Riemann-Roch h’(£~1(2H)) =
h’(£) 4+ 5 — deg £, and thus dim |Op, (2H — E)| > 6 — deg E. We view the linear system
|Op, (2H — E)| as the set of conics in IP(V /W) passing through the points E.

If deg E = 5, there is a P! of conics passing through E. But through any 5 points, no
4 of which are collinear, there passes a unique (possibly singular) conic. So 4 points of E
must lie on a line, and E is therefore rationally equivalent to an H —a + b. If degE = 4,
there is a IP? of conics passing through E. But the (possibly singular) conics through any
4 non-collinear points form a P!. So E must lie on a line, and is therefore rationally
equivalent to an H — a. Similarly, the conics through any k < 3 points form a P5-%, so the

cases deg E < 3 cannot occur. |

Lemma 4.2 It holds h’(Oc¢,(T)) = h%(O¢, (¢T)) = 2, h%(Oc¢, (T 4 oT)) = 4, and the multi-

plication map is an isomorphism:
HO(O¢, (T)) ® H(Oc, (¢T)) = HY(O¢, (T +0T)).
Proof Lety € Pic® D 1. be the 2-torsion element induced by the double cover, so that

h%(Oc, (T +0T)) =h’(f.f*Op, (H)) = h(Op, (H)) +h’(Op, (H) @1).



4.1. Line bundles on C;, and Dy,

A direct computation shows h®(Op, (H)) = 3, so for the dimensions it will be enough to
verify the following two facts. First: h’(Op, (H) ® ) < 1, because otherwise Op, (H) ®
7 = Op,(H —a+ b) by Lemma 4.1, and thus Op, (2a) = Op, (2b) @ 7> = Op, (2b) would
imply that Dy is hyperelliptic, which it is not. Second: h®(O¢, (T +0T)) > 2h%(O¢, (T)) >
4. To see this, note that h’(Op, (T)) > h®(OL(x)) = 2, so we can choose global sections

s,t € H(Oc, (¢T)) without common zeros, which induce an exact sequence of sheaves

Oc, (T —oT) <) 0 (T) @ O (T) —1F5 s O, (T +0T).

Since deg T is odd, Oc,(T) is not a pullback of a line bundle on Dy, which means that
Oc,(T) % Oc, (¢T), and thus h°(O¢, (T — ¢'T)) = 0. Therefore, the long exact sequence in
cohomology implies h®(Oc¢, (T + ¢ T)) > 2h°(Oc,(T)) > 4.

The argument above shows that, for all s # 0, the multiplication map is injective:
H°(Oc, (T)) <> HY(O¢, (T + oT)).
The same holds for ¢T, so the composed map on the tensor product is also injective. [

Lemma 4.3 Every line bundle £ € Pic Cy with h’(L£) > 2 and NgL = Op, (H) is isomorphic
to Oc,(T) or Oc¢, (0 T).

Proof It holds Oc, (T +¢T) = 9*NgL = L ® c*L. Analogously to the proof of Lemma 4.2,
one shows that the multiplication map H°(£) ® H(¢*£) — H%(L ® 0* L) is injective, and
thus an isomorphism by dimension reasons. Then, the induced morphism to projective

space ¢ factors through the Segre embeddings induced by the multiplication maps

P(H’(Oc, (T))*) x P(H*(Oc, (¢T))*)
% 9 T
: P(H(Oc, (T +0oT))*). U
k <J/

P(HY(L)*) x P(H(¢*L)")

Cr

By definition of the induced morphisms, we have
L=2¢;0(1,0), Oc(T)=¢10(1,0), Oc (¢T) = ¢10(0,1),

where O(a,b) are the line bundles of type (a,b) on the respective product spaces. The

images of i and j are quadrics which contain the curve ¢(Cp). But quadrics in IP® form a
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IP?, so there is at most one containing the degree 10 curve ¢(Cy). Thus, i factors through j
to an isomorphism 7. Since any isomorphism P! x P! = P! x P! pulls back a bundle of
type (1,0) to one of type (1,0) or (0,1), it holds

L= ¢30(1,0) 2 ¢;i*O(1,0) =2 $70(1,0) or ¢;0(0,1) = O¢, (T) or Oc, (¢T). O
Lemma 4.4 Every line bundle £ € Pic Cy with h°(L£) > 4 and NyL = wp, is isomorphic to
OCL(T + (TT), OCL (ZT) or OCL (ZUT)

Proof Write £ = O, (E) for an effective divisor E. Take global sections s, t € H(Oc, (T))

without common zeros, so that we have an exact sequence
Oc (E—T) ) s 0 (E)® O, (E) — % Oc,(E+T),
and thus h’(O¢, (E — T)) +h(Oc, (E 4+ T)) > 2h%(Oc, (E)) > 8. By Riemann-Roch
h(Oc, (E+T)) =h’(we, ® Oc,(~E = T)) +5 =h"(Oc, (¢cE — T)) +5,
where we have used that O¢, (E + 0E) = 9" NgOc, (E) = wc,. Combining, we obtain
h(Oc,(E = T)) +h(Oc, (E —oT)) > 3.
Since NgOc, (E —T) = NgOc, (E —0T) = Op, (H), it follows from Lemma 4.3 that
Oc,(E—T) or Oc, (E —0¢T) is isomorphic to Oc, (T) or Oc, (¢T).

So Oc, (E) is isomorphic to O¢, (T +0T), Oc, (2T) or Oc, (20T). O

4.2 Theta divisor of the cubic threefold

We showed in Lemma 2.31 that ¢; : C; < FX induces an embedding of H!(FX,Z) into
the Poincaré dual subgroup of ker ¢,, which is H'(C, Z)~. This implied that the Hodge-
Riemann pairing on FX was divisible by 6, thus delivering an isomorphism P X LakIN J'FX

of Abelian varieties.

Theorem 4.5 (Mumford) There is an isomorphism of Abelian varieties

~

— l* N * L — 1
(P X, 7x) 25 <P(CL/DL),—2HCL>.



4.3. Albanese of the Fano surface

Proof Recall from Section 2.4 that the injection H*(X,Z) SCAN H'(C.,Z)~ pulls back

the alternating form —}3Hc, to SHy, so —33%Hc, is unimodular on the image of } p.q*.
Since rankH*(X,Z) = 10 = rankH!(C.,Z)~, the composition i} p.q* can only be an
isomorphism. 0

Consider the theta characteristic k = O¢, (T 4+ 0T) of Section 4.1, and the theta divisors
© = ax(Wag_2(Cp)) for JCL and B := (1*©®),eq for P(C/L/\DL) as per Lemma 3.11.

Theorem 4.6 Oc, € & is the unique singular point of E.

Proof By Corollary 3.12 there are two types of singularities. If £ € & C ker Ng has (L ®
k) > 4, then Lemma 4.4 applies to L@k = L(T + ¢T), implying that £ is isomorphic
to Oc,, Oc,(T —0T) or Oc,(¢cT — T). However, since degT = 1mod 2, only the first
one is contained in P(C/L/\DL) by Proposition 3.8. On the other hand, by Proposition 3.13,
exceptional singularities of E are of the form f*M ® N ® x~!, with h®( M) = 2 and
M? @ NgN = wp,. Then deg M = 3(5 — deg N') < 3, which contradicts Lemma 4.1, so

there are no singularities of this type. O
Corollary 4.7 (Clemens-Griffiths) X is not birational to IP3,

Proof If X were birational to IP3, its intermediate Jacobian would have to be decomposable
as an Abelian variety or isomorphic to the Jacobian of a curve, by Corollary 1.10. But a
theta divisor E for J° X has a unique singular point, so E is irreducible and dimsing & <

dimJ® X — 4, implying that J® X is indecomposable and not a Jacobian of a curve. 4

4.3 Albanese of the Fano surface

The theta divisor Z on P(a/\D ) has bieg constructed in terms of the chosen line L.
However, the polarizations on ]E;( and ]1 FX are canonical; the latter is induced by the
Pliicker embedding FX < P(A? V). In this section, we will give a canonical description of
the theta divisors in terms of the Abel-Jacobi map CD%X,LO into the Albanese variety of FX,

which will be indipendent of the starting point Ly € FX.

Px 2 J'FX — P(C./Dy)
Zl(P*%Hll:X

J'EX
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Recall that D, C IP(V /W) is a quintic planar curve obtained by projecting from the
line L = PW C PV. It maps every P> C PV with L C IP? to a line in P(V /W), which can
be seen as a divisor on Dy in the linear system |H| of a line. We will consider the following

morphism:

h:L'— (LLY/W eNDy

Grz(V/W) —_—

~

FX\ {LUC.} H|. (4.1)

Proposition 4.8 Let L' € FX \ (LU Cy) such that the cubic surface Sy, := X N (L, L") is smooth
and h(L") N Dy, is reduced. Then, there are precisely 5 lines L; C Sy that intersect both L and L,
and L, L' are the only 2 lines in Sy that intersect all 5 lines L;. Moreover, the rational equivalence
class of the resulting algebraic cycle [2L + 2L' — Y7_; L;] € CHy(X)a1q is indipendent of L',

Proof The divisor h(L") N Dy, consists of 5 distinct points 4;. Since L is of first type, the 5
reducible conics ¢~!(a;) contain 2 distinct lines (L;, L}) each, and every line in X N (L, L")
intersecting L is contained in one of these conics. Since Sy/ is assumed to be smooth,
at most two lines in it intersect at any given point. Thus, without loss of generality, L’
intersects L; and not L} in each conic qfl(ai). Moreover, the 5 lines L; intersect L in
distinct points, so they are disjoint.

It is then a classical result of the theory of cubic surfaces (see for example [Huy23,
IV.2.1]) that S;; can be blown down to IP? in such a way that the lines L;, i < 4, are the first
four out of six exceptional divisors E; over points x; € IP2. The intersection numbers are
then completely described in terms of this minimal model, and they show that L and L’
can only be the strict transforms of conics in P2 through (xi),-#5 and (xi)i#(,, because they
are the only ones that intersect the 4 exceptional divisors E;, i < 4. Moreover, using the
notation of [Huy23, IV.2.5], the 5-th line must be of type Lz, the strict transform of a line
through x5 and x¢. Then, if C C Sy, is the strict transform of a line in the minimal model
P2, it holds

L~2C—Y E, L'~2C—)Y E;, Lss~C—Es—Eg.
i#5 i#6

So we compute

4 6

2L+2L'+ Y Ei+Lss ~9C—-3)_ E ~3SyNP,

i=1 i=1
where S;/ NP ~ 3C — Y% | E; is a hyperplane section of S;/, whose rational equivalence
class in CH; (X) is indipendent of L'. O
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Corollary 4.9 Let Ly € FX \ (LU Cr) with Sy, smooth and h(Lo) N Dy, reduced. Then, associ-
ating to each L' (with Sy smooth and h(L") N Dy, reduced) the effective divisor C; N Cys defines a

rational map that fits with the Abel-Jacobi map @%X,LO in the commutative diagram

FX ---- =K C;
J'EX JCr
ZT‘P%H%X z}l’fﬂq

Proof Interpreting C; N Cp/ simultaneously as an element of CH;(X) and of CHy(Cp), it
holds C; N Cpr = Y ; L; in the notation of Lemma 4.8 and

Z[L/] — Z[Lo] = —[CL N CL/] + [CL N CLO] = q*p*lL*(—[CL N CL/] + [CL N CLO]) S CHl(X)alg-
Since g.p* : J' FX — J® X is an isomorphism, being the dual of p.q*, it follows
20¢x 1, (L") = 2®px ([L' — Lo]) = —11.®¢, ([CLNCpr = CLNCrp]) = —10.9¢, ¢, ¢, (CLNCLr).

Identifying through the dualizing isomorphisms, and recalling from Lemma 2.31 that the
Hermitian form Hc, is pulled back to 2 - tH} through i, it holds

20 Ppy 1, (L) = _‘i‘L*‘D?:L,CmcLO (CLnCu) = _2®%L,Cmqo (CLnCp).

Both sides are continuous maps from a connected domain, and the kernel of multiplication
by 2 on ]/C\L is a discrete subset, so their difference must be constant. Then, since the two

maps agree on Lo, they must agree everywhere. U
Theorem 4.10 The Abel-Jacobi map CD%X,LO with respect to any Lo € FX is an embedding.

Proof We can assume Ly ¢ {L U Cr} with Sy, smooth and h(Lg) N Dy, reduced. By Corol-
lary 4.9, the image of the rational map L' — Cp N Cp/ lies in the preimage

P={D+cinc,ec|2B % o cf

of ker N, under the Abel-Jacobi map D ~ Oc, (D — C. N Cy,). By Proposition 3.8, P

—

decomposes in two disjoint subspaces Py and P; mapping to P(Cy/Dy) C ker Ng and its
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unique coset respectively.

FX ,,,L:'ng@?E/,,} P C P C Cf)

F%X,LO f‘bgucmqo
J'EX JCL 42)
] b qu

— ¥ —

J'EX —~— P(C/Dy) C kerNy C JCy.

To verify that @%X/Lo/iinjective, we want to relate the rational map L' — C N Cy to the
morphism Py — P(Cr/Dy).

The projection & from diagram (4.1) can be extended to FX \ L by sending a line L’
with LN L" = {x} to the projection T,X/W of the embedded tangent space. For every
L’ € FX\ {LUC}, the pushforward ¢, (C, N Cp) = h(L') N Dy, is a divisor on Dy, in the
linear system |H| of a line H C IP(V /W), so this holds also on FX \ L by continuity. By
blowing up at L it also extends to a morphism from Bl FX. Denote ¥ : Bl FX --+ Py the
rational map L’ — C;, N Cy lifted to the blow-up, which fits with i and @, in diagram (4.3).

We claim that ¥ actually extends to an isomorphism. To this end, we notice two facts:

e @, is finite of degree 16, because @ is a double cover and thus any divisor ¥;_; a; €

|H| has at most %25 preimages (the bound being achieved for distinct a;).

* his finite of degree 16. Indeed, given any L C IP?> C PV, the cubic surface X NIP? con-
tains only finitely many lines because X does not contain any plane (see Lemma 1.16),
so the fibers in FX \ L are finite. Since L is a line of first type, the exceptional divisor
P(T. FX) C Bl FX also adds only finitely many elements to each fiber. Moreover,
each fiber over the dense open set Grp(V /W) \ (h(IP(TL FX)) Uh(CL)) consists of the
lines in the cubic surface different from L and not intersecting L, of which there are
at most 27 — 10 — 1 = 16.

In particular, ¢, and & are proper. Thus, since Bl; FX is normal, the valuative criterions
for properness imply that ¥ extends to a morphism, which is a finite morphism because
h =9, oY is. By Lemma 4.8, for any two lines L',L” € FX \ (LU CL) such that S;; = Sp»
are smooth, if the 5 lines in Sy intersecting both L and L’ are equal to the 5 lines in Sy~
intersecting both L and L”, then L’ = L”. In other words, ¥ is injective over the open

dense subset of lines whose induced cubic surface is smooth.
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It follows that ¥ is the normalisation of an irreducible component of Py. We refer to

[Bea82, §2] for the proof that Py is normal and irreducible, so that ¥ is an isomorphism.

o QDL

BlLFX —" % Gry(V/W) =5 |H|

I @

Now we look at diagrams (4.2) and (4.3) together. Lemma 4.3 shows that the only fibers
of P — ker Ny containing more than one divisor are the two 1-dimensional linear systems
of the bundles g*O(1) and ¢*q* O (1), one in Py and its involute in P;. So the composed

map Bl FX — P(C./Dr) blows down a line and is injective outside of that line. Then,

this line must be the exceptional divisor of Bl; FX, meaning that
17 ( PP, (L)) = q*OL(—1) ® O¢, (CLNCy,) € P(CL/Dy),

and thus @Y, ; is injective everywhere. Moreover, since & is birational onto its
FX,Lo CL/CLQCLO

image and @Y, 1, is the blow-down of it, o L, 18 an isomorphism onto its image. 0

Theorem 4.11 (Clemens-Griffiths, Tyurin) There is an isomorphism between the tangent bun-
dle and the tautological bundle

Tex — Srx -

Proof Our approach makes use of the classical theory laid out in Section 2.5, which fol-
lows closely [Tyu70]. For a more algebraic proof, see [AK77], [Huy23, V.2.2]. Since the
cotangent bundle 7};‘FX is trivial and the differential dCD%X,LO s Tex — 7}1 px is injective at

every fiber over L’ € FX, each restriction of the dual is surjective:

(Phx )

~

H (" EX, Ty )
12

* 0 (
q>FX,L0 (L)

HY(FX, Tgx)
l restriction

T;, FX

]1 FX) dZ’ <I>g)(,LO
Since wpx = det Sfy by Lemma 2.28, the isomorphism is delivered by Theorem 2.27. O
Corollary 4.12 Consider the trivialization of the tangent bundle

Thex — J'EX x HY(FX)* — H"(FX)*.

65



4. INTERMEDIATE JACOBIAN OF THE CUBIC THREEFOLD

66

The isomorphism of Theorem 4.11 fits with the projectivized differential of the Abel-Jacobi map

P(d @%X,LO) and the projection q in the following commutative diagram:

PTpx ———— PH(PTex, Spr,)*) ——— PH(FX, Tgx)*)
Z\L CP 2 ‘L 2 J, Theorem 2.27
L =PSpx —— P(H(ILL, S;)") ———— P(H(FX, Sjyx)*)
ql Zl Lo 221
X «© rv

Forall L' = PW' € EX, the diagram restricts to isomorphisms

7%‘X |L’ = TL’ FX dL’ q)gX,LO

X E
SFX ’L/ z W/ < 14

Proof The only part that we have not verified before is the compatibility with the Abel-
Jacobi map. By construction, for v € Ty EX it holds

dp ®Px 1, (v) = (tx c HY(FX) |y (v) € C> € HY(EX)* = T@%X/LO(U)(P FX).
Projectivizing, for (L', [v]) € PTrx we get

(L, [o]) = & = alwp) € Sprylw o] € P(H'(PTix, Spr,)")

=[x = alp(v) € Q)= [dy Ppy 1, (v)] € P(H(FX, Tgx)")- O

q)Sﬁ;TFX

Lemma 4.13 The image of the difference map

((I)%X,LO ’ q)%X,LO)

5 : FX x FX 'EX xJ'EX —— J'FX,

which is indipendent of Ly, is the theta divisor E.

Proof There is an analogous difference map for the morphism Py — P(E/\DL) from the
proof of Theorem 4.10, which fits with our difference map ¢ in diagram (4.4). We claim

that the image of Py x Py — ]/C\L is contained in the theta divisor. Indeed, a divisor



4.3. Albanese of the Fano surface

D+ CrNCr, € D is effective and satisfies ,D ~yat 0, Oc,(—D) = Oc¢, (¢D). Since

¢, (Cr N CL,) ~rat H is a hyperplane, the theta characteristic of Section 4.1 is
k= 0Oc,(T+0T) = Oc,(CLNCy, +(CLNCL)),
which makes
Oc,(eD+D")®x = Oc, (c(D+CLNCr) + (D' +CLNCy))

an effective line bundle.

YxY
BIL FX i BlL FX —_— P() X P() (D+CLﬂCLO,D'+CLﬂCLO)
1
FX x FX Oc, (-D+D")= O, (¢D+D')

1s

J'EX JCL+—> @
i (p_%Hll:X

'EX — 1 P(C,/Dy) +—— E

By Corollary 4.12, the differential

0 0
dps q>FX,L0 —dpy q>FX,LO

d )0+ TuEX @ T FX Tap, (-1 FX

(4.4)

is of rank 4,3 or 2, depending upon wether L'NL" = @, L'NL" = {x} or L' = L"

respectively. So ¢ is generically finite and its image is 4-dimensional. Since it is contained

in the irreducible divisor &, it must be already equal to E.

O

Theorem 4.14 The projectivized tangent cone P(TCoE) C P(ToJ' FX) is a cubic threefold iso-

morphic to X. In particular, the unique singularity 0 € & is a triple point.

Proof The projectivized tangent cone at 0 can be described as the exceptional divisor of

the blowup Bl E. Since &Py L, Is injective, the preimage of 0 € E under the difference map

6 of Lemma 4.13 is the diagonal A C FX x FX. Then, the universal property of blowing-up

[Har77, I1.7.15] induces a commutative diagram

Blo(FX x FX) ——2% 3 Bly & Bly(J' FX)
—T _ ‘ A ‘ T
IP(Na/FxxFx) d P(TCy&) «—— P(ToJ' FX) l

[eul
>
X &—
ool
>
>
%
[1] «—

{0} =—— {0}.

i /]1FX

(4.5)
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The morphisms § are surjective because they have maximal image dimension in irreducible
varieties. They send a normal direction ((L,L), [v,w]) at a point (L,L) € A to the projec-
tivized vector [d @%X’LO(U) - d@%X,LO(w)] € P(ToJ' FX), so the following diagram com-
mutes

P (N pxpx) —— P(TCHE) > P(ToJ' FX)

(LL)I3,5]) T H
1 4
]P(dcngLO)

L,|v
D) pry Tl PTpy — P(HY(FX, Tgx)*)

Combining with the diagram of Corollary 4.12, we see that the projectivized tangent cone
is isomorphic to the image of g : IL := PSpx — PV, which is X. O

An immediate consequence is the Torelli theorem for cubic threefolds. However, it
should be mentioned that the original proof in [CG72] follows the steps of Andreotti’s

proof of the Torelli theorem for curves, and not our description of the tangent cone.

Corollary 4.15 (Clemens-Griffiths) Two smooth cubic threefolds X, X' C P* are isomorphic
if and only if their intermediate Jacobians (J* X, Hx) and (J° X', Hx) are isomorphic as Abelian

varieties.

Proposition 4.16 The difference map 6 : FX x FX — ZE is generically finite of degree 6. For
L, L’ € FX\ (D2 URy) non-intersecting, with X N (L, L") smooth and C; N Cpy = (L;); consist-
ing of 5 distinct lines, the fiber over 6(L, L") contains the 6 tuples

{(L L), (¢'Li, oLi)iss } ¥ {8(LL)},
where o, 0’ are the involutions of Cr, Crs over Dy, Dy, respectively. A generic fiber is of this type.

Proof Looking back at the blow-up diagram of Theorem 4.14, the blown-up map 4 :
P(Na/exxrx) — P(TCoE) is finite of degree 6 because it coincides with the projection
g. Then, 5 Bla(FX x FX) — Bly E must be generically finite of the same degree, and the
same holds for 6.

By Lemma 4.8, there are indeed 5 unique lines L; in X intersecting both L and L'. Each
triple (L, L;, oL;), (L', L;,0'L;) is coplanar, so

[L+Li+oL]=[XNP?} =[L'+L+0L] € CHi(X)ag, foralli<5,
for some P2 C PV. After applying p.q* on the level of Chow groups, it holds

8(L, L") = @y ([L = L']) = ®px([0'L; — oL]) = 6(c'L;, oLy). O



Appendix A

Complex tori and Abelian varieties

Let V be a complex vector space of dimension ¢ and A C V a complete lattice, so that the

quotient X = V /A is a compact complex manifold of dimension g, called a complex torus.

A.1 Hodge decomposition and group cohomology

The complexification V¢ = V ®g C decomposes in two complex vector spaces V10 ¢ V01
with V 2 V10 = V01 gver C. The groups of alternating forms on V¢ decompose accord-

ingly as

k
Alt*(A,Z) «+~— /\Hom(A,Z)

[ o
Alt(A,C) «+—~— /\Hom(A,C)
l . L k
Altg(Ve,€) «~— AHome(Ve,C) +— AQaQ +~— P ored’,
p+q=k

where Q) = Hom¢ (V'?,C) = Home(V,C) and O = Hom¢(V%,C) = Home(V,C). It
is then the content of the Hodge theorem [BL04, 1.4] that the maps extending (p,q)-
alternating forms to (p,q)-differential forms on X induce isomorphisms (¥ @ Q' =

H7(X, Q%) to (p,q)-Dolbeault cohomolgy, where QF is the sheaf of holomorphic p-forms
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on X. Thus, we obtain the Hodge decomposition.

Al (Ve, €) ~ Ph e
p+g=k
| I
HK(X, Q) P HI(X,Of)
p+g=k

Computing automorphy factors of primitives of (0,1)-forms on V with respect to the deck

transformation group of the universal cover gives an isomorphism to group cohomology

) ] A f3h )= {A = feC{';’(Vf)OgAit;{if:n*w] .
H!(X,C) — H'(A,C)

sheaf

inclusion
u O| (|:1 e inclusion

projection (W] = [As fOUA. -f

feCy (V) with df=m*w
H!(X, Ox) [ - } H'(A, 0y (V))

where, for each A € A = 11(X), 0 is the induced deck transformation on 77 : V — X.

A.2 Polarized complex tori

Definition A.1 A non-degenerate Hermitian form H on V, whose imaginary part is integer-
valued on A, is called a polarization of the complex torus V/A. The polarization is called
principal if the alternating form SH on A is unimodular. If in addition H is positive-definite,

then the polarized complex torus (V /A, H) is called an Abelian variety. !

Positive-definite polarizations are special because of the following result [BL04, 4.5].

Theorem A.2 A complex torus is projective if and only if it admits a positive-definite polarization,

that is if it has the structure of an Abelian variety.

Definition A.3 A morphism of polarized complex tori (V/A,H) — (V'/A',H') is a linear
homomorphism f : V. — V' with f(A) C A" and which pulls back H' to H by precomposition; so
f is necessarily injective. If f is surjective and has finite kernel, the induced morphism is called an

isogeny.

Un our primary reference [BL04, 4.1], and generally in more modern terminology, a polarization is already
assumed to be positive-definite. We use the definition given in [CG72, 3.5] because it will be convenient to
consider the more general category of polarized complex tori, with polarizations of any definiteness.
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Definition A.4 The cartesian product of polarized complex tori (V /A, H) x (V'/N',H') is nat-
urally a polarized complex torus (V@ V')/(A@® N'),H® H'). Any subtorus V/A C V'/ N
of a polarized complex torus (V'/N',H') has the natural restricted polarization H'|y, making
(V/A H'lv) = (V'/A',H") an embedding of polarized complex tori.

Definition A.5 The dual complex torus of V /A can be defined as

—

V/A:=V/A:= Homs(V,C) / { L € Homs(V,C)|2RL(A) C Z}.
A homomorphism of complex tori f : V/A — V'/A’ induces a dual homomorphism
f:V/’/\A’—H7/7\, L'—L'of.
We always identify complex tori and morphisms between them with their double duals

through the evaluation isomorphisms:

VA — S via

zlev Zlev

V/A —L 5 VN

Complex sesquilinear forms * H on V correspond to homomorphisms ¢y from V /A to its

dual through the maps
homomorphisms 9r2i¢(e)() sesquilinear forms H: VxV—C Al
¢p:V/A=V/A = such that SH(A,A)CZ (A1)

¢ = (v 5 H(v,0)) H

Lemma A.6 A dualizing homomorphism ¢y is an isogeny (resp. an isomorphism) if and only if

H is non-degenerate (resp. SH unimodular).

2In our primary reference on Abelian varieties [BL04, 2.4], the dual lattice A is defined by requiring that
the imaginary part SL be integer-valued on A, instead of 2RL. This results in an isomorphic dual complex
torus through multiplication by 2i. We have avoided the imaginary part convention because then the lattice

of ]2k+1 X and the map (1.3) have to be multiplied by 2i, if we want ]21‘+1 X to be the dual of ]21‘+1 X.
3A complex sesquilinear form H on V is R-bilinear, C-linear in the first argument and C-antilinear on the
second argument.
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A.3 Line bundles on complex tori

The Picard group
Pic(X) = {L | L holomorphic line bundle on X} /isomorphism

is descibed using Cech cohomology and the exponential sequence

exp(2rie)

0—+2Z— Ox Ox — 0.

The Cech cocycles of holomorphic transition functions can be described in terms of factors
of automorphy, i.e. elements of group cohomology H'(A, O}(V)). In turn, these factors
can be described by integral hermitian forms and semicharacters on the multiplicative

group C; = {z € C| |z| = 1}. Namely, if

,_ H:V xV—C Hermitian form, SH(A,A)CZ
P(X) T { (H’ X) ‘ x:A—C; semicharacter for H }

is endowed the group operation (Hj, x1) © (Ha, x2) = (H1 + Ha, x1 - x2), then there is the

isomorphism
P(X) = HY A, OH(V)), (Hx) — () = [(A,v) EAXV X(/\)e”H(”'A)JF%H(ArA)}

that associates to each pair (H, x) its so-called canonical factor. The Appel-Humbert the-
orem [BLO04, 2.2.3] then states that the kernel of the first Chern class Pic(X) 5 NS(X)
corresponds to the group of characters Hom(A,Cq) — P(X). Thus, the Néron-Severi
group NS(X) is isomorphic to the group H(X) of integral hermitian forms on V. Every-
thing fits together in diagram (A.2), where it is understood that each horizontal sequence
of homomorphisms is exact, as well as H}, (X, Z) — H},(X, Ox) — Pic’(X). However, note
that some of the abelian groups in the lower part of the diagram are not C-vector spaces

in an obvious way, unless one transports that structure through the vertical isomorphisms.
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HY(X,C)  Hodge Pic%(X) — Pic(X) —» NS(X)
sheaf projection
CohomologyJ{ \
Hj,(X,€)  HI(X,0x) faneiton
/ \ )
a ~ exp(2rie) .
H),(X,Z) —— | —— H},(X, Ox) i, (X,0%) ——
ey
1 ¢ 2
2| o H (A/C) ey | ok

—— HY(A, 0p(V))

Hom(A,C)
RE(e)

g

—QF(ie)

exp(2rtie)

x> (0x)

~

Hom(A,Z) ——— Hom(A, R)

—— HY(A, 05(V)) —

A(H,x)

(Hx)—H

Hom(A,Cq) — P(X) — H(X)

/Xp('Zm'o)

H—SH
(ie,0)+iE(e,0)

Al (A, Z)

Al2(A,C)

— 1

OX=X0]

\T/

AlZ(A,Z)NQ® O

(A.2)

From diagram (A.2) one obtains directly the following moduli interpretation of the

dual complex torus.

Lemma A.7 The Picard group of a complex torus is isomorphic to the dual complex torus through

X\ I—exp(mi(e))

a(0,) . 0
Hom(A,Cy) —— Pic” X.

Definition A.8 A theta divisor for an Abelian variety (X, H) is a divisor ® on X whose fun-
damental class [©] = ¢1(Ox(0©)) € NS(X) corresponds to the polarization H under the Appel-
Humbert correspondence; then we denote the Abelian variety also by the data (X, ©).

The cohomology of line bundles on X can be explicitely computed in terms of the

canonical factor a(H,y); See [BL04, 3]. Two important results are the following.

Theorem A.9 If (X, H) is an Abelian variety, then there exists an effective line bundle £ on X
with ¢1(L) € NS(X) corresponding to H under the Appel-Humbert correspondence. In particular,

every Abelian variety admits a theta divisor.

Theorem A.10 An Abelian variety (X, ®) is principally polarized if and only if h°(X, O(@®)) =

1. In this case, a theta divisor is uniquely determined up to translation by a group element of X.
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